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Abstract : We present a strong convergence implicit Runge-Kutta method, with four stages, for solution of
initial value problem of ordinary differential equations. Collocation method is used to derive a continuous
scheme; and the continuous scheme evaluated at special points, the Gaussian points of fourth degree Legendre
polynomial, gives us four function evaluations and the Runge-Kutta method for the iteration of the solutions.
Convergent properties of the method are discussed. Experimental problems used to check the quality of the
scheme show that the method is highly efficient, A — stable, has simple structure, converges to exact solution
faster and better than some existing popular methods cited in this paper.
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I.  Introduction

A number of practical and real-life problems are models of ordinary differential equations (ODESs). Most of
these are non-linear, stiff or oscillatory problems. Examples of such are found in Electric circuits systems,
chemical reaction problems, population growth, Biology, Social Sciences etc. Explicit Runge-Kutta methods
cannot efficiently handle them as they lack sufficient stability region. The instability of explicit Runge-Kutta
(RK) methods motives the development of implicit methods (see 5). The coefficient of explicit method is a
lower triangular matrix and that of the implicit is a square matrix. We have different types of implicit methods;
Radau, Lobatto, Gauss Legendre quadrature. We have the Gauss-quadrature method of order four and six
respectively (see 2). In this paper, in other to get higher and more stable method, we used four Gaussian points
of Legendre polynomial to derive a four stage Gauss quadrature R-K method of order 8.which more efficient
and easy in their implementation than the existing ones.

Il.  Basic Definitions/Preliminaries:
(i) A Runge-Kutta implicit scheme for first order ODEs is defineds as

5
Yor =ya+ 0 ) b, i=12,.5 (S=stages) )
i=1

5
where = f(x, + ¢, Vi), Vot Z aj; f; 1.01
i=1

J
(ii) Order of scheme: the order of implicit Runge-Kutta methods whose abscissae or integration Rodes

are Gaussian points of Legendre polynomial of order p = ( 2S)

(iii) Error /error construct:
A Runge-Kutta solution can be expanded into Taylors series, the solution agrees with the Taylors
series expander up to order P, the truncation error is the O(h?*! ) term. The error and error constant

is associated with a linear difference operator L(y(x),h).as L(y(x),h) = y(Xp4+1) — Yn41
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= Co y(x,) + Cihyr (x,) + (2h%y" (x,) + ... C,hPy P (x,) + C,pq h® Dy (x,)
where y(x,41) and y,,; are exact and Runge — Kutta approximate solutions,

respectively.

According to (5) the method is of order P, with error constant C,,; of = C; =C, = C, C,=

0 and Cp+1 #0.

(iv) The three stage implicit Gauss-quadrature (3) of order 6 is summarized by the table below:

1A. Buchers Coefficient table (1)

A =aq;
0 0 0 0 0 0
1 V3 | _ (3_ ﬂ) 8 133 11 17V3 8 493 21 33
2 4 320 80 45 160 45 120 45 480 320 80
1 _7 8 V3 1 8 V3 3
40 R 45 = 6 40
1 3 11 +3\/§ 8 493 1 17V3 8 13V3 21 3V3
5 + 7 320 80 45 ' 480 45 " 120 45 " 160 320 80
1 1 16 22 16 1
10 45 45 45 10
Gen. Solution

5
Yast = Yt h Y b
i=1

5
Fi=fx+cnyd)yi=yt h Zaij F;
j=1
See (8)
I11.  Methodology
We consider the font order initial value problem of ordinary differential equation.

J’l:f(x:J’):J’(xo)z Yo, asx Sb _(201)
We use a polynomial of the form

t—1 m-—1

Y@= D% @yt h Y B @A) - @02
j=1

j=0
where t are the number of interpolation points x,,; (j =0,1,..t— 1) m is the number of collocation
points ¢ (j =0,1,..m — 1), f(x,y) is continuously differentiable. The constants x;, B; are elements of

(t+m) x (t+m) square matrix. The are selected so that high accurate approximation of the solution of (2.01)

is obtained, h is a constant step size.
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The x; (x),B; (x)in (2.02) can be represented by polynomial of the form.

t—

X (X) = ) X4 X, j=(0,1,..t—1)

=

-
Il
o

B (x) = Zth'i“ xt, j=(0,1,.m—-1) 2.03
j=1

The coefficient x; ;. B;,i + 1 are to be determined. Now substituting (2.03) into (2.02), we have
m+t—1 t-1 m+t—1

m-—1
Y@ = D O K Var +h ) BB f) x = ) w2l = (204)
=0 =0

j=0 i=0
Where

t—1 m—1
~ = Z[xj_ i+1 Yngj tH ZBJ""“ fari |, N ER,jEQO1..t+m—1).
j=0 j=0

(2.04) can be exposed in matrix form as y(X) = (V, Ynt1s - Ynte—1 for fut1 o foam—-1) C'D
Where

(%o, 1w,y 1 hBy 1,....hB, _; 1 \
C=| Xg 2w X,y 2 hBy 2,....hBy,_; 2
- (2.05)
5<g,3 e Xe_q 3 hBy 3,....hBp, 13

X0 t4m X¢y ¢4m hBo t+m,...hP, 1 t+m

\ y,
(1 X, X2 o xitm-1 )
D= |0 1 2%Xpiqy weee (E+m—=1) xb3N72 (2.06)
0 1 2%, . C+m—1) xim?
\ J

q, are the collocation points.

Theorem 1.0

Let | denote identity matrix of dimension (¢t + m), matrices C and D are defined by (2.05) and (2.06)
respectively, satify.

0] DC=1
(i) y() = Ty - (2.07)
Now we assume a power series solution of degree order 4 of the form.
4 4
y(x) = ij xt, oy = iji xi71 (2.08)
j=0 j=0

Interpolate at x,, and collocate at x = x,,,4;, { =0, ...4, yields system of simultaneous equation of the form.

Not Xg Xy Frp X2 X3 x4+ n,xk =y,
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0 M+ 22; Xppgy + n ANy X3 = fit @ (2.09)

0 ™ 2xpXu4g, +3234%4%0,,, = fut @
Where % are to be determined.

(2.09) can be rewritten in matrix form as

(1 x, x> x3 Xy A [>\0 ) [3’n )
0 1  2xp14, 3XZi 4%, X1 fo t @
0 1 2x,4, 3XZy, 4%, X2 = fo + a2
0 1 2xpiq,  3XZ4q, 4%, x3 fot a3
0 1 2xu4q, 3x721+q4 4xr31+q4 N4 fa  4a
J LU L
ie
DA=\pwhere N
1 x, x? x3 Xy
D= |0 1 2xn4q 3%h4q, 4Xiq

@ 1 2xn+¢14 3x7%+Q4 4x73{+¢14 J

A = 61 x2 ~3 N4 ’I) Y = anC fn+q1' fn+q2» fn+q3» fn+q4ij‘

2.11)

Using maple mathematical software we obtain the continuous scheme of the form.

i'e y(x) = n + h (fn+q1 + fn+q2 + fn+q3 + fn+q4)
y(x) = Yo 40 — q192q4x (h®q2q4 + R%quq5 + h%q1q3 +
hZQ4Q3) x?

(—q4+q)(—q2 +q)(qs +q1) + 2h3(—q3+ q1)(—q2 +q1)(q3 + q1)

4

- (q2h + gzh + g4h)x3 x
3h3(—q3 + q)(—q; + q)(—q3 + q1) + 4h*(—q4 + q1)(—q; + q1)(—q3 + q1)

q19394% (h§3Q4 + h§1CI4 + h§1CI3)x2
+| (2 —q)(=q2 +q1)(q2 —q3) — 2h°(q; — q3)(—q2 + q1)(q2 — q4)
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+  (q1h + q.h + g3h)x3 x*

33 (g —q3)(—q2 + (@2 — gz — 4h3(q, — q4)(—q2 + q1)(q2 — q3)]
fn t Q2
2 2 2 2
+[ q19394% (hg1q4 + hi1q, + hgrqa) x
(G- (@0 — B+ —qq3) +  2h3(q192 — 193 + 9% — 92q3) (93 — q4)
— (g2h + quh + g1 h)x3 x*
3h3(q3 — qu) (@192 — 193 + 4% — q2q3) + 4 h3(q3 — @) (@192 — G193 + 4% —

q2q3 [n+g3

q19394X
+| 10203 — 19294 + 95G1 — G1G394 + 95q2 — 929394 — G2 +q5q3  —

(h*q1q; + h*q192 + thzfzh)xz i i
2h3(q19293 — 919294 + 9591 — 919394 + 4592 — 429394 — G2 + G2q3) +

(q1h + g.h + g3h)x3
3h3(glqzq3 — 19294 + 9591 — 919394 + 9592 — 429394 — 93 + Q5q3) —,  —
J) fot4a

X
4h3(q19293 — 419294 + 9591 — 919394 + 9592 — 429394 — 93 + 44

(2.12)
Now evaluating the continuous at g; = G— 31—“536)42 = % qz = %,% = G+ 3‘1/5? )

\We obtain discrete schemes:
_ ., (1633 717206 , , (134689 9274206 .
Yntar = Yo+ | 18780 ~ 96717000 ) s T (939000 ~ 78250 ) frtez

171511 927v206 1633 121979v206
+ n+qs + n+qa

939000 78250 18780 19343400

7623 1629507206
n+qq

Yn+qy = Yn T (78250+ 257912000
3470313 118701
+ ( ) n+qs

— " " h S
21284000 fn+a: 4256800
7623  1629507v206
+ hfotq,

78250 257912000

8978  1629507v206 4520423
Yntez = Yu ¥ (117375+ 257912000 >hf"+q1 12770400 Vr+ez
10410661 8978  1629507v206
* 63852000 Jntes ¥ <117375_ 257912000 > nras

_ oy (1633 #1206 134689+927\/206 N
Yntas = ¥ T (15780 T 19343400 ) Vr+er T (939000 T 78250 ) Mntee
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171511  927+/206 1633 17+/206 B
+ (939000 78250 )hf”+q3 + (18780 + 96717000)hf”+‘h (2.13)

To convert to Runge-Kutta function evaluations, the discrete schemes ( 2.13) must satify
(2.01), hence

1633 71206
Varay = F@nran Vuea) = FConrqudn + (18780" 96717000>il”+“

134689 927206 171511 927+206
+ n+q2+ n+qs

939000 78250 939000 78250
1633 121979206
18780 19343400 n+as

yr{-}-qz = f(xn+q2' yn+q2)

7623 1629507v206 3470313
= Cnsap Y ¥ (78250+ 257912000 ) wtar ¥ 21284000 Mrte:
118701 7623 16295071206
4256800 hﬁ”ﬂ3+'<78250'_ 257912000 > wtas]

yn+q3 = f(xn+q3' yn+q3) =
8978 1629507 \/206) 4520423
X h ———— h
fCntgyr Yn + (117375 257912000 frtas 12770400 frta

+_10410661 N 8978 1629507206
63852000 futas 117375 257912000 ntas]

yr,l+q4 = f(xn+q4' yn+q4)

(2.14)

1633 121979v206 9277206
= S Cnsgp Yt (18780+ 19343400 > e+ < 78250 ) naz
171511 927206 1633 71206
+’<939000+' 78250 )hﬁ”ﬂ3 (18780+'96717000>hﬁ”ﬂJ

Putting yr,1+q1 =K, = f(xn+q11 Yn+q1)0r fn+q1: K; = f(xn+qZIYn+q2)0r fn+q2 etc.,
We obtain the function evaluations as

1 34206 1633 714206
Kl::f{x”+<§" 100 )fL Jn (18780_'96717000> il
134689 927206
+'<939000_' 78250 )hkz
171511 927+/206 1633 121979v206
( )hk3 ; ( )w

939000 78250 18780 19343400
33 <7623 1629507V206> (3470313)
1 2

K2 =l + 10" ¥ +\ 78250 T 257912000 21284000

(118701>hk
4256800/ 3
7623 1629507206
hk,]

78250 257912000

8978 1629507 \/206) hk. + ( 4520423
117375 257912000 1 12770400

10410661
63852000

67
K3 = flan+ o= b v+ ( )hb+ hks

(2.15)
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8978 1629507206 .
117375 257912000 4]

. 1 3206 1633 121979206 .
+ = e {3+ 00 )™ " (18780 T 19323200 1
134689 927206
+ + hk,
939000 78250
171511+_927V206 N 1633 N 71206
939000 78250 3 18780 ' 96717000 4]
The weight is b = (b, by, b3, b,) ; Evaluating the continuous scheme (2.12) at x =

1 we obtain

b_(1633 1531 1531 1633)

9390’ 4695’ 4695’ 9390 (2.16)

The four stage Runge-Kutta method is defined as
4

+thk 2033 Ky k) 2k, + Ky
Yn+1 = In - iKi = Yn 9390 1 4 4695 2 3
1=

Where K; i =1,2,..3 are given by (2.15)
3.00 Analysis of the scheme.
We can be write (2.15) in Butchers tableau as:
C A=(ay), i,j=12, ..4
l_ 3v206 (1633 _ 71v206 ) (134689 _ 927\/206) (171511 _ 927\/206) (1633 _ 121979\/206)
2 100 18780 96717000 939000 78250 939000 78250 18780 19343400
ﬁ (7623 _ 1629507 \/206) 347013 _ 118701 (7623 1629507 \/206) (2 16)
100 78250 257912000 21284000 4256800 78250 257912000 '
6_7 ( 8978 1629507 \/206) 4520423 10410661 ( 8978 1629507 \/206)
100 117375 257912000 12770400 63852000 117375 257912000
l+ 3v206 (1633 + 121979\/206) (134689 + 927\/206) (171511 + 927\/206) (1633 + 71206 )
2 00 18780 19343400 939000 78250 939000 78250 18780 96717000
b 1633 1531 1531 1633

9390 4695 4695 9390

Or can be summarized as

C A U

B \Y

Where (C = C,C, ... Cy),T A= (ai]-) y=12,..4 U=(>1,1,1D)" v=_>)
(1 Consistency:
Te Runge-Kutta method is consistent since
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4

Z a; = G,

j=aj j=1

b, =1. (seeTable2.16)

-

(i) Stability:
The stability of the method is investigated by considering the linear test equation.
y/ = Ny, X E &
Putting Z =  h, h € (0,1)
The stability function is R (2)
R(Z)=1+ZbT(1 — ZA)—1
where | is the identity matrix

b = b,
b,, bs, by),theweight,e =(1,1,1,1),Ais the Runge — Kutta matrix of
coefficients (2.16).

The region of A- stability is the set of point satisfying R (Z) ={Z: R (2)
< b de ReZ <1}
The characteristic polynomial is defined as
P (Z) =det (R(Z)—1x),which can be potted using maple or math lap, to
determine the region of A- stability.

(iii) ~ Order and error of the scheme:
The order of the method is p = 2S = 8, since the nodes or absyssaes are Gaussian
points of fourth order Gauss — Legendre Polynomial and all Gauss- quadrantine
methods have order P = 2S, ( S = stages) [3]. The Runge — Kutta solution y,, ;1

can be expanded into Taylors series as

4 4
Yn+1 = In h zbiKi = n + h Z bi f(xn+q1»yn + ql)
i=1 i=1
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4
= Yot h D) Byl
i=1
=y + Cihy! + C,h%y! + C h?
Yn 1Yy 2" Yn yn(p+1)

The R.K solution agrees with taylor’s series expansion up to term in h®. The truncation error is
o(h%).

Numerical Experiments / Results:

To show the efficiency of this new method, we use three problems to compare our computational
solutions with exact and other similar methods.

Problem I. (Electric circuit problem model)

In an Electric RL — circuit system, L is the inductance constant, | the current, R the resistance
constant, and EOSt), periodic electronmotive force. Find the currents at time t = 0.2 (0.2) 0.1
secondly; with L = .1, R 5, E(t) = sin(t), with initial condition I (0) = 1.0.

Model: By Kirchlotts voltage law (KVL) the voltage across the resister is RI, the voltage drop
across inductor is E;. By KVL Law the sum of two voltage must be equal to electromotive force
E(t).

Thus our problem reduces to differential equation Lj—i + RI = E(t)

ie. S = —501+10sin(t), y(0)=1.0.

Example 2: (Logistic Population Model)

A logistic mathematic model has useful application to human population and animal populations [ ].
The mathematical model is defined as

Yy =4y® - By*®©, ylt)=yn 4 B >0

If y(0) < %, the population is monotonic increasing to limit gand if y(0) > %, it decreases to limit
A

E.

Now we consider a logistic problem

y = Ay(t) — By3(t), y(t,) = yo with A=5 B =3 initial condition
y(0) = 2 Million Cows in Kaduna State, Nigeria, t is measured in months.

Model: The logistic problem reduces to differential equation
y =5y — 3y2, y(0) =2, h=.2

Example 3: (Chemical Reaction Model):

A bimolecular reactions a and B combines a€ A moles per litre of distance A and b € B moles of
substance B given y(t) is the number of moles per litre that have reacted after time t we can find the
number of moles per litre which reacted at given times.
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Model: We use chemical reaction Law) which states that under constant temperature, the chemical
reaction is proportional to the product of concentrations of the reacting substances, thus the model can
be defined by a differential equation:

y =K(a—y)b-y), y(ty) = yo,Kis the proportional constant, a, b are constants.
In our example we consider a =5, b = 3,y(0) = 0 and K = 1. Thus our model reduce to an initial
value problem  y = y2 -8y +15, y(0) = 0.
We can compute the solutionsatt = 0 (.1) .5.
The following are the solution tables for comparison.

Notations:

y(x,4+1),n = 0,1, ... = Exact solutions, with step — size h.

Vn+1 = The new R-.K approximate solutions.

Abs = /y(,41) — Yns1/,absolute error.

ER; = absolute error of — point Gauss — quadrature (3)method.

ER, = absolute error of Lie et al (8)method

Table 1: Comparison of numerical solution of problem I. (RI-Circuit).

Analytic solution, y(t) = Sﬂsin(t) 21 p-soe 10 cosifr)

2501 2501 2501

t y(t) Yn+1 ER, ER, Abs
.02 | 0.3693509037 0.3693509135 3.81 E-06 3.81 E-06 9.87 E-09
.04 | 0.1398758745 0.1398758818 2.80 E-06 1.57 E-06 7.27 E-09
.06 | 0.0579829374 0.0579829414 1.55 E-06 8.65 E-07 4.01 E-09
.08 | 0.0303798097 0.0303798097 7.58 E-07 4.24 E-07 1.97 E-09
.10 | 0.2274516347 0.2274516347 3.49 E-07 1.95 E-07 9.04-10
Table 2: Comparison of Numerical solution of problem 2.

t y() Yn+1 ER, ER, Abs

.2 | 17755301747 1.7755301873 3.37 E-06 2.13 E-06 1.25 E-08

.4 | 1.7051273147 1.7051273208 1.74 E-06 1.57 E-06 6.12 E-09

.6 |1.6806121251 1.6806121278 7.92 E-07 8.65 E-07 2.66 E-09

.8 | 1.6717699224 1.6717699235 3.44 E-07 4.24 E-07 1.12 E-09
.10 | 1.6685404228 1.6685404233 1.46 E-07 1.95 E-07 4.62 E-10
Analytic Solution: y(t) = — _612_“
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Table 3: Comparison solution of problem 3.

Analytic Solution: y(t) = %
t y(t) Yn+1 ER, ER, Abs
.1 |1.0688853015 1.0688853144 9.93 E-08 5.18 E-06 1.30 E-08
.2 | 1.6544440817 1.6544440919 7.72 E-08 3.66 E-06 1.02 E-08
.3 |2.0180987318 2.0180987391 5.55 E-08 2.49 E-06 7.31 E-09
.4 | 2.2617841981 2.2617842034 4.03 E-08 1.17 E-06 5.28 E-09
.5 | 2.4335031421s 2.4335031460 2.98 E-08 1.26 E-06 3.89 E-09

IV.  Discussion/ Conclusion
The new method has four stages compared with Lie and Norsett with five stages [8] thus the
implementation cost is cheaper. The new method converges better and faster to the exact solutions (see
comparison tables above), has biger area of A-stability than methods [3] and [8] consequently the have
developed a new Gauss- Quadrature Runge-Kutta method with four points or stages only.
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