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l. INTRODUCTION
The theory of rough sets was proposed by Pawlak [1,2]. It is an extension of set theory for the study of systems
characterized by insufficient and incomplete informations. A key notion in Pawlak rough set model is
equivalence relation. The equivalence classes form the building blocks for the construction of lower and upper
approximations. Replacing the equivalence relation by an arbitrary binary relation, different kinds of
generalizations in Pawlak rough set models were obtained. In [3,4,5], the concept of fuzzy rough sets were
studied by replacing crisp binary relations with fuzzy relations on the universe. Yong Chan Kim [6] introduced
the separation axioms of fuzzy topological spaces using R- fuzzy semi-open (closed) sets.

Keyun Qin and Pei [7] discussed the relationship between fuzzy rough set models and fuzzy topologies on a
finite universe. Mathew and John [8] developed general topological structures on rough sets. Lellis Thivagar et
al. [9] introduced a new topology called rough topology In terms of rough sets and showed that rough topology
can be used to analyze many real life problems. Samanta et al. [10] defined fuzzy rough relation on a set and
proved that the collection of such relations is closed under different binary compositions such as algebraic sum,
algebraic product, etc. Fatima et al. [11] introduced totally continuous functions and totally semi continuous
functions in double fuzzy topological spaces and investigated some of their characterizations.

In this paper we introduce the concept of connectedness in fuzzy rough topological spaces. We also investigate
some properties of connectedness in fuzzy rough topological spaces.

11, PRELIMINARIES
In this section we recall some useful definitions and results.

Notation. Throughout this paper U denotes a non-empty finite universe and F(U) denotes the set of all fuzzy

subsets of U .
Definition 2.1. [12] A fuzzy subset A of the universe U is characterized by a membership function
My U—[01].

Definition 2.2. [12] A fuzzy relation R on A is said to be reflexive if and only if ¥ xe U, ,uA(X) > 0 and
He (%, X) =1

Definition 2.3 [12] A fuzzy relation R on A is said to be symmetric if and only if
yR(x,y):yR(y,x)VX,yeU .
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Definition 2.4 [12] A fuzzy relation R on A is said to be transitive if and only if

He (X,2) 2 ryg)xmin{yR(x,y),yR (y,z)}.

Definition 2.5 [12] A fuzzy relation that is reflexive, symmetric and transitive is called a fuzzy equivalence
relation.
Definition 2.6 [3] Let U be a nonempty and finite universe of discourse , and FR be a fuzzy equivalence

relation defined on U xU. The pair (U, FR) is called a fuzzy approximation space. For any A€ F (U )
the upper and lower approximations of A with FR(A) respect to (U, FR), denoted by FB(A) and

Fli(A) are two fuzzy sets defined as:
FR(A) ={(X, tegay (X)) I x € U},
FR(A)={(%, ks (¥)) 1 x € U,

where
Heg(ay X :uU((l ,uR Xu vyA(U)),XeU,
Heg(n) (,u (xu /\,uA(U)),XeU.

ue

The pair FR( ) ( R(A), FR( )) is called the fuzzy rough set of Awith respect to (U, FR)
Definition 2.7 Let FR(A) and FR(B) be two fuzzy rough sets. FR(A) is said to be a fuzzy rough subset
of FR(B) denoted by FR(A) c FR(B) it Leg(n) (X) 2> Heg(e) (X) and

/”Fﬁ(A)( )<IUFR ( ). xeU.

Definition 2.8.[7] Let U be the universe, X < U. R be an equivalence relation on U and

7o = {U 6. R(X), ﬁ(X )} 7., satisfies the following axioms:

1. U and gerg.
2. Union of the elements of any sub collection of 7, isin 7.
3. Intersection of the elements of any finite sub collection of 7 isin 7.

7, forms a topology on U called as a rough topology on U with respect to X. We call (U, X,TR)

as a rough topological space.

Definition 2.9. [10] For A, zz€ 1*, A is called quasi coincident with £z, denoted by Az if there exists
X e X such that /1(X)+,u(x) >1. Otherwise it is denoted by AQ s

Definition 2.10. [11] For x e X and t € I, =(0,1], afuzzy point is defined by

ify=x,

t
X‘(y):{o ify#X

X, € Ae 1™ ifand only if t < A(X).
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1. FuUzzY ROUGH CONNECTED SPACES
In this section we define fuzzy rough connected spaces and also investigate some properties of these

spaces.
Definition 3.1. Let U be the universe and AcU. FR be a fuzzy equivalence relation on U and

T= {U $,FR(A),F ﬁ(A)}. T satisfies the following axioms:

1. Uandger.
2. The union of the elements of any sub collection of 7 isin 7.
3. The intersection of the elements of any finite sub collection of 7 isin 7.

T forms a topology called the rough topology on U with respect to A and (U , FR(A),T) is

called as the fuzzy rough topological space.
Definition 3.2. If 7 is a fuzzy rough topology on U , then any member of 7 is called fuzzy rough setin U .
Definition 3.3. The complement of a fuzzy rough open set A is called a fuzzy rough closed set and is denoted
Cc
by [ FR(A)].
Definition 3.4. The fuzzy rough set FR (A) over U is called a fuzzy rough point in U denoted by XFR(A),

if for the element XeU,,uFR(A)(X);tO,yFR(A)(X')=O v X eU —{X}.

Definition 3.5. A fuzzy rough set FR ( E) in a fuzzy rough topological space (U , FR(A) , r) is called a

fuzzy rough neighborhood of the fuzzy rough point XFR(P) for some X €U , if there is a fuzzy rough open
set FR(D) such that XFR(P) IS FR(D) c FR(E).

Definition 3.6. Let (U , FR(A) , r) be a fuzzy rough topological space and FR(A) be a fuzzy rough set over

U . The fuzzy rough closure of FR(A) is defined as the intersection of all fuzzy rough closed sets which

contain FR(A) and is denoted by FR(A).i.e. FR(A) = ﬂ{FR(B): FR(B) is fuzzy rough closed set
and FR(A)< FR(B)}.

Definition 3.7. A fuzzy rough point XFR(P) is said to belong to a fuzzy rough set FR(B) denoted by
XFR(P) € FR(B) if XFR(P)SyFR(B)(X), Vv xeU.

Definition 3.8. Two fuzzy rough sets FR(A) and FR(B) are said to be quasi coincident denoted by
FR(A)QFR(B) if there exists x €U > fg ) (X) + eg(s) (X) > 1. Otherwise FR(A)GFR(B), in
which case £tz (X)+,uFR(B) (X) <1 V xeU.
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Definition 3.9. Let (U, FR(A),Z’) be a fuzzy rough topological space and FR(Bg ) = FR(A). Then the

fuzzy rough topology 7qq | = {FR (Bs)"FR(C)|FR(C)e r} is called fuzzy rough subspace topology

and (FR ( B, ),rFR(Bs)) is called fuzzy rough subspace of (U ,FR(A), r).

Definition 3.10. Let 7, and T be two fuzzy rough topologies on (U , FR). 7, is said to be coarser than 7, , if
7, C 7, and in this case 7, is said to be finer than 7,. Ifeither 7, C 7, or 7, C 7;, then the topologies 7, and

7, are said to be comparable. If 7, & 7,and 7, & 7,, then the topologies 7, and 7, are not comparable.

Definition 3.11. A fuzzy rough topological space is said to be separated if there exists a fuzzy rough open sets
FR(A), FR(B) such that FR(A)@FR(B), Le. Mg (X)+,uFR(B) (X) <1V xeU.

If there does not exist a fuzzy rough separation of U, then the fuzzy rough topological space is said to be fuzzy
rough connected.

Definition 3.12. Consider U = {xl, Xy, X, Xy, Xs}’
A={(x,0.8),(x,,0.9),(x;,0.95),(x,,0.96),(x;,0.98)} and

1 092 09% 098 1
092 1 085 08 0.75
FR=1096 085 1 076 0.6
098 08 076 1 05

1 075 06 05 1

Now,
Her(n) (x)= A\ [(1_/JFR (X, W) v p2, (U)] and

uelU

Heg(a (%) = v [ (X U) A g2, (U)]

ueU
The lower approximations are

Her(p) (%)=038, Her(a) (%,)=0.8, :uFB(A)(X3) =038, Her(a) (x,)=0.8, /uFB(A)(XS) =038.
FR(A)={x,/0.8,x,/0.8,x,/0.8,x,/0.8, x;/0.8}.

The upper approximations are

Mgy (x)=0.98, Mgy (x,)=0.9, Hegny (%;) =0.95,

Heg(ay (%,)=0.96, Heg(a (%) =0.98.

FR(A) ={x,/0.98, x,/0.9, x,/0.95, x, /0.96, x, /0.98}.
Consider,
U ={%, % X, % %}, B={(x,0.4),(%,,0.3), (%;,0.6), (x,,0.5), (x;,0.45)}
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1 04 06 07 075

04 1 05 035 0.75
FR={ 06 05 1 08 0.65
07 03 08 1 055
0.75 0.75 065 055 1

and

The lower approximations are
Hereey) (%) =04, fepey (%) = 0.3, tigpe) (X5) = 0.4, f1ep 5y (X,) = 0.4, 1) (%) =0.3.
FR(B)={x,/0.4,x,/0.3,%,/0.4,x,/0.4, X, /0.3}.
The upper approximations are

Hegqey (%) =06, fig ) (X,) =045, g5 (X;) = 0.6, tigg)(X,) = 0.6, t1q5) (%) =0.6.
FR(B) ={x, /0.6, X,/0.45, x, /0.6, X, / 0.6, X, / 0.6}.
Hereay (X)) + Mgy (%) =1.2>1

Hegny (x)+ Hers) (x)=1.58>1.
Similarly, other values can be found.
Clearly U,FR(A),7) is fuzzy rough connected.

Theorem:3.13. A fuzzy rough topological space U,FR(A),7) is fuzzy rough separated if and only if there

exists a non empty proper fuzzy rough subset of FR(A) which is both fuzzy rough open and fuzzy rough
closed.

Proof. Let FR(BS) be a non empty proper fuzzy rough subset of FR(A) which is both fuzzy rough open and

fuzzy rough closed. Now FR(HS) = [FR(BS)]C is a non empty proper fuzzy rough subset of FR(A) which
is also both fuzzy rough open and fuzzy rough closed.

= FR(B,) = FR(B,) and FR(H,) = FR(H,)
= FR(A) can be expressed as the union of two fuzzy rough sets FR(BS), FR(HS)
such that FR(B;)GFR(H;)
= (U, FR(A),7) is fuzzy rough separated.
Conversely, let (U,FR(A),7) be fuzzy rough separated.

= 3 non empty fuzzy rough subsets FR(B,) and FR(H,) > FR(B,)aFR(H,) and
FR(B,)aFR(H;). Now, FR(B;) = FR(B;) and FR(B;)qFR(H,).
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= FR(B,)gFR(H,)
= FR(H,) =[FR(B,)[". also, FR(B,)GFR(H,)
= FR(B,) =[FR(H,)T".

similarly FR(H,) =[FR(B)I"

Hence FR(BS), FR(HS) are fuzzy rough open sets being the complements of fuzzy rough closed sets. Also
FR(H,) =[FR(B,)I

= FR(H,) is fuzzy rough closed.

Theorem 3.14. If the fuzzy rough sets FR(A) and FR(B) forma fuzzy rough separation of U and if
(FR(BS), TFR(BS)) is a fuzzy rough connected subspace of (U, FR(A),7) then FR(BS) < FR(A) or
FR(B,) = FR(B).

Proof. Suppose FR(B) is neither contained in FR(A) nor in FR(B). since FR(A) and FR(B) forma
fuzzy rough separation of U, FR(A)GFR(BS) and FR(B)GFR(BS).

(FR(BS), TFR(BS)) is a fuzzy rough subspace of (U,FR(A),7). FR(A)N FR(BS) and

FR(B) FR(BS) are both open in Tg R(Bs)- FR(A) and FR(B) are fuzzy rough open sets
5> FR(A)gFR(B).

consider, (FR(A) "FR(B,)) " (FR(B) "FR(B,))
= (FR(A) " FR(B)) "FR(B,) < FR(A) " FR(B),
where FR(A)GFR(B) = (FR(A)NFR(B,))a(FR(B) N FR(B;)).

Hence (FR(B;),7R(B,)) is separated, a contradiction. Therefore FR(B,) = FR(A) or
FR(B,) = FR(B).

Theorem.3.15. Let (FR(B;), 7ers,)) be a fuzzy rough connected subspace of (U, FR(A), 7). If
FR(B,) = FR(A) = FR(B;) then FR(A) isalso fuzzy rough connected.

Proof. Let FR(A) be connected and FR(B;) = FR(A) < FR(B,). Suppose not, then FR(A) is

separated. Therefore 3 fuzzy rough open sets FR(B) and FR(C) > FR(B)QFR(C). Then
FR(B,) = FR(B) or FR(B,) = FR(C). i1, FR(B,) = FR(B), then

FR(BS) - FR(B)- Since FR(B)qFR(C). FR(BS) cannot intersect FR(C). This contradicts the fact that
FR(C) is nonempty. Hence FR(A) is connected.
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Remark. In particular if FR(B,) is fuzzy rough connected then FR(B,) is fuzzy rough connected.

Theorem 3.16. Arbitrary union of fuzzy rough connected subspaces of (U, FR(A),7) that have nonempty
intersection is fuzzy rough connected.

Proof. Let {FR(B;)), Trr(a,, | A € A} be a collection of fuzzy rough connected subspaces of (U, FR(A), )
with nonempty intersection. To prove that UFR(BSA) is connected. Suppose not, then UFR(BSA) is
separated. Therefore 3 non empty disjoint fuzzy rough open sets FR(A) and FR(B) > FR(A)C_IFR(BSX)
and FR(B)CTFR(BSZ), for each 4 in the subspace. As FR(BSA) is connected for each 4, one of
FR(A)GFR(B, ) and FR(B)GFR(B, ).
Suppose FR(A)GFR(BSA)

= FR(B)n FR(BSA) = FR(BSA)

= FR(B, )cFR(B) V A€ A

= [JFR(B,)) = FR(B).

AeA
= FR(A) UFR(B) < FR(B).
= FR(A) is empty, a contradiction.

Theorem.3.17. Arbitrary union of family of fuzzy rough connected subsets of (U, FR(A), 7) such that one of
the members of the family has nonempty intersection with every member of the family, is fuzzy rough
connected.

Proof. Let {FR(B% ), TFR(BSA) | A € A} be a collection of fuzzy rough connected subspaces of (U,FR(A),7)

and FR(B%) be a fixed member such that FR(B% )GFR(B%) for each 4 € A. Then by Theorem 3.16,

FR(A,) = FR(B% )1, FR(BSA) is fuzzy rough connected for each 4 € A. Now,

UFRA) = (FRE;, )UFRE®, ) = JFR(B,) and

NFRA) = (FRE, )UFRB, ) = FRE, ) (UFRE, ) 4.

= FR(A,) is fuzzy rough connected.

Theorem. 3.18. If (U, FR(A), 1) isa fuzzy rough connected space and 7> is fuzzy rough coarser than 71,

then (U, FR(A),7,) isalso fuzzy rough connected.
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Proof. Assume that FR(B), FR(C) form a fuzzy rough separation of (U, FR(A), 7).
FR(B), FR(C) e 7,,= FR(B), FR(C) e 7,

= FR(B), FR(C) form a fuzzy rough separation of (U, FR(A),7,), a contradiction.

Therefore (U, FR(A),7,) is fuzzy rough connected.

AV CONCLUSION
The notion of fuzzy rough connectedness captures the idea of “hanging-togetherness” of image
elements in an object by assigning a strength of connectedness to every possible path between every possible
pair of image elements. Fuzzy rough connectedness is a very useful topological property for a space to possess.
Measures of fuzzy rough connectedness can be applied in image segmentation and network literature. The
concept of fuzzy rough connectedness can be extended to fuzzy soft rough connectedness.
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