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ABSTRACT : A Graph G with n vertices is said to admit prime labeling if its vertices can be labeled with
distinct positive integers not exceeding n such that the labels of each pair of adjacent vertices are relatively
prime. A graph G which admits prime labeling is called a prime graph. In this paper we investigate the
existence of prime labeling of some graphs related to cycle C, wheel W,,crown C;,HelmH,and Gear
graphG, ,Stars,, Friendship graph T, prism D, and Butterfly graph B, ,, .We discuss prime labeling in the
context of the graph operation namely duplication.
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l. INTRODUCTION

We begin with simple, finite, connected and undirected graph G (V,E) with p vertices and g edges.The
set of vertices adjacent to a vertex u of G is denoted by N(u).For notations and terminology we refer to Bondy
and Murthy[1].

The notion of prime labeling was introduced by Roger Entringer and was discussed in a paper by
Tout[6]. Two integers a and b are said to be relatively prime if their greatest common divisor is 1. Relatively
prime numbers play an important role in both analytic and algebraic number theory. Many researchers have
studied prime graph.Fu. H [3] has proved that the path P, onn vertices is a prime graph. Deretsky el al [2]
haveprove that the cycle C, on n vertices is a prime graph. Around 1980 rugerEtringer conjectured that all trees
have prime labeling which is not settled till today.

The prime labeling for planer grid is investigated by Sundaram et al [5] , Lee.S.al [4] has proved that
the Wheel W, is a prime graph if and only if n is even.

Definition 1.1[7] Duplication of a vertex v, by a new edge e = v, v, in a graph G produces a new graph G' such
that N(v;) N N(v,)= v,

Definition 1.2 The graph obtained by duplicating all the vertices by edges of a graph G is called duplication of
G

Definition 1.3 The crown graph C,; is obtained from a cycle C, by attaching a pendent edge at each vertex of the
n-cycle.

Definition 1.4 The HelmH,, is a graph obtained from a Wheel by attaching a pendent edge at each vertex of the
n-cycle.

Definition 1.5The gear graphG,is, the graph obtained from wheel W, = C, + K;by subdividing each edge
incident with the apex vertex once.

Definition 1.6TheFriendship graph T, is set of n triangles having a common central vertex.

Definition 1.7The Prism D, is a Graph obtained from the cycleC,(= v4,v,,...,v,)by attaching n-3
chordsv, vy, V104, ..., V1 Uy 5.
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Definition 1.8 The Butterfly Graph B, ,, is,the Graph obtained from two copies ofC, having one vertex in
common, and by attaching m pendent edges tothe common vertex of two cycles.

In this paper we proved that the graphs obtained by duplication of all the alternate vertices by edges inCnand
wheel W, if n is even , duplicatingall the rim vertices byedges in crown C,,Helm H, andGear graphg,,
duplicating all the alternate vertices by edges in star S, = K;, and Friendship graph T,and
prism D, ,duplicating all the vertices of C, by edges in Butterfly graph B, ,,, m > 2n-2 are all prime graphs.

1. MAIN RESULTS
Theorem 2.1
The graph obtained by duplicating all the alternate vertices by edges inC,, is a prime graph , if n is even.

Proof.
LetV(C,)={w, / 1 <i<n}

EG) ={wun/1<i<n}viuu}
Let G be the graph obtained by duplicatingall the alternate vertices by edges inC, and let the new edges
beu;uy, usus, ..., U, _, U, _, by duplicating the alternate vertices u;, us , .... u,_, respectively,
ThenV(G) = {w; / 1 <i<n}uU {u,u /1<i<n,iisodd}

E(G) ={wu /1<i<n-1} U{ww ,wu,wy, / 1<i<n,iisodd}
u {unul}
[V(G)| = 2n, |E(G)| =5n/2
Define a labeling f : V(G) - {1,2,3, ..., 2n}as follows.
Let f(u) =1
flw) =2i ifiiseven, 2<i<n,
fu)=2i—-1 ifiisodd, 3<i<n-1 and i # 2(mod3)
fw)=2i+1, ifiisodd, 1<i<n-1 and i=2(mod3)f(u;)
=2i—1, ifiisodd, 1<i<n-1 and i=2(mod3)
f(u) =2i, ifiisodd, 1<i<n-—1
f(u;)=2i+1, if iisodd, 1<i<n-1 and i # 2(mod 3)

Since f(u) =1

ged(F(w), f(u))=1,  ged (flup), F(u))=1,

ged (Fu), f(u))= 1. ged(f(u,), fw)) = 1.

ged(f (wy), f (wi41)) = ged(2i,2(i + 1) — 1)
= gcd(2i,2i + 1)
=1, iiseven, for2<i<n, i%2(mod3)If iisodd.
ged(f (w), f (wi1)) = ged(2i = 1,23 + 1))
=gcd(2i—1,2i+2) =1 for3<i<n,i#2(mod3)

as among these two numbers one is odd and other is even and their difference is 3 and they are not multiples of
3

ged(f (u—y), f(w)) = ged(2(i — 1), 2i + 1)
=gcd(2i—2,2i+1) =1 for3<i<n,i=2(mod3)
as among these two numbers one is even and other is odd their difference is 3. And they are not multiples of 3
ged(f(wy), f(wiy1)) = gedi+1,2i+2) =1 for3<i<n, i=2(mod3)
ged (fui),f(ulf)): ged(2i — 1,20)=1 for3<i<mn, i =2(mod3)
as these two number are consecutive integers
ged (f(ui),f(u;)): ged(2i —1,2i+1)=1 for3<i<n, i#% 2(mod3)
gcd (f(ui),f(u;)): ged(2i+1,2i—1)=1 for3<i<n, i=2(mod3)
as these two number are odd consecutive integers
ged (f(ulf),f(u;)): ged(2i,2i+1)=1 for1<i<n, i%2(mod3)
ged (f(ulf),f(u;)): ged(2i,2i —1)=1 for1<i<n, i=2(mod3)
as these two number are consecutive integers

Thusf is a prime labeling.
HenceG is a prime graph.
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Theorem 2.2
The graph obtained by duplicating all the alternate rim vertices by edges in Wheel W, is a prime
graph. If niseven and n # 1(mod 3).
Proof.
Letv(W,)={cuy; I 1<i<n}
EW,))={cy; /1<i<n}o{yuyy/l<i<n-1}v{u,u}
Let G be the graph obtained by duplicating all the alternate rim vertices by edges in Wheel W, and let the new
edges be uyu;, usus, ..., u,_,u,_, by duplicating the vertices u, us , .... u,_ respectively,
V@) ={cw /1<i<n}u {u,u;/1<i<n-1,iisodd}
E(@) ={cw/1<i<n}u{uu,, /1<i<n-1} U fuwg g u /1<
< n,iisodd} U {u,u;}
V)| =2n+1, |EG)| =7n/2
Define a labeling f : V(G) - {1,2,3, ..., 2n + 1}as follows
Let f(c)=1,f(u;)=2n+1
21, for 2<i<n, iiseven .
f(ui)_{Zi—l, for 3<i<n-—1, iisodd, i # 2(mod 3)
fw)=2i+1, for 1<i<n-—-1, iisodd, i =2(mod 3)

f(ul.')zzl', for 1<i<n-1, iisodd
f(u)=204+1, for 1<i<n-1, iisodd, i % 2(mod3)
flu)=2i—-1, for 1<i<n-1, iisodd, i=2(mod?3)
Sincef (c) =1
gcd(f(c),f(ui)) =1, for1<i<n

gcd (f(ul),f(ui)): gcd(2n+1,2) =1

ged (f(ul),f(u;)): ged(2n +1,3) =1, for n Z 1(mod 3)

Sincen # 1(mod 3), 2n+ 1 # 0(mod 3)

Therefore gcd (f(ul),f(u;'))= (2n+1,3)=1,

Similar to previous theorem for all other pair of adjacent vertices gcd =1

Thus fis a prime labeling.
Hence G is a prime graph.

Theorem 2.3
The graph obtained by duplicating all the rim vertices by edges inCrown Cj;is a prime graph.
Proof:
LetV(C;) ={u;,v; | 1<i<n}
EC)H)={wupq /1 <i<n}uf{yv/1<i<n} {u,u}
Let G be the graph obtained by duplicating all the rim vertices by edges inCrown C;and let the new edges be
U Uy, UyUy, ..., U, U, DY duplicating the vertices uy,u, , ... u, respectively,
Then,
V() = {u,v,u,u; / 1<i<n}
EG) = {uuq/1<i<n-—1}U {y v, wu,wu,wu /1 <i<n}u{u,u}V(G)| = 4n,
|E(G)| = 5n.
Define a labeling f : V(G) - {1,2,3, ..., 4n}as follows
Let f(u) =1,f(w) =2, f(u;) =3 andf(v;) = 4.
flv) =4i, for2<i<n
fluw) =4i—-1, for2<i<n,
flu) =4i-3, for2<i<n,
f(ul) =4i-2, for2<i<n,
Since f(uy) =1

ged(F(w), f(u))= 1, ged (F(u), £ up))= Lged (£ Cuy), f£(u) )= 1

ged(f (), f(w,))=1,  ged(f(wy), f(v1))=1.
Then
ged(f (uy), f(wi41))= ged(4i — 1,43 +1) = 1)
=gcd(4i — 1,4i + 3)=1for 2<i<n
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gcd (f(ul-), f(ug))z gcd(4i — 1,4i — 3)= Mfor2< i < n

as these two numbers are odd and their differences are 4,2 respectively.
gcd (f(ul-), f(u;'))z gcd(4i — 1,4i — 2)= 1for 2<i<n
ged(f(w), f(v))= ged(4i — 1,4i)= 1for 2<i<n

as they are consecutive integers

Thusf is a prime labeling.
Hence G is a prime graph.

Theorem 2.4
The graph obtained by duplicating all the rim vertices by edges in Helm H,is a prime graph..If n #
4(mod 5)

Proof.
LetV(H) ={c,u,v; /] 1<i<n}
EH,) ={cu, v /1<i<ntU{yuy, /1<i<n-—1}v{u,u}
Let G be the graph obtained by duplicating all the rim vertices by edgesin Helm H,and let the new edges
be uyuy, uyuy, ..., u, u, by duplicating the rim vertices uy, u, , .... u,respectively,
Then,
V(G) = {c,u, vyu,u; / 1< i <n}E(G) = {cwy, vy, wug, wou, ww; /1 <i<nluUf{uu/1<i<n-—
1U{ unul} VG=4n+1, £G=6n,
Define a labeling f : V(G) - {1,2,3, ...,4n + 1}as follows
Letf(c) =1,f(u) =5fw) =3,f(w;) =4, andf(v;) = 2.
flw) =4i—-1, for2<i<mn,
flu) = 4i, for2<i<n,
f(u) =4i+1, for2<i<n,
fv) =4i-2, for2<is<n
Since f(c) =1
ged(f (), f(u)=1
ged(f(wy), f(up))=ged(53) =1
ged (f(u), f(w1)) = ged(54)=1
ged(f (), f (v1))= ged(5,2)= 1
ged(f (w), f(up)) = ged(5,7)=1
ged(f (up), f(wy)) = ged(4n — 1,5)=1
Since n # 4(mod 5) and 4n-1 is not a multiple of 5
ged(f (), f (ui41))= ged(4i — 1),4( + 1) — 1)
=gcd(4i — 1,4i + 3)=1for 2<i<n
ged (f(ul-),f(u;))= gced(4i — 1,4i + 1)=1for 2<i<n
as these two numbers are odd and also their differences are 4,2 respectively.
ged(f (), f(w))= ged(4i — 1,4i)=1for 2<i<n
ged(f(wy), f ()= ged(4i — 1,4i — 2)=1for 2<i<n
as they are consecutive integers
Thusf is a prime labeling.
Hence G is a prime graph.

Theorem 2.5
The graph obtained by duplicating all the rim vertices by edges in GearG,is a prime graph..If
n % 4(mod 5)
Proof.
LetV(G)={c,u,v;, / 1 <i<n}
E@G) ={cvp,vou, /1<i<n}u{uyu/1<i<n—1}v{u,u,}
Let G be the graph obtained by duplicating all the rim vertices by edgesin Gear G,and let the new edges be
U Uy, Uy Uy, ..., U, Uy, by duplicating the rim vertices u;, u, , ... u, respectively,
Then,
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V(G) = {c,u,w,u;,v; / 1<i<n}EG) = {cv, viw, wouy, wyup, wiu; /1 <i<n}uf{uu/1<i<n-—
1U{ unul} VG=4n+1, £G=6n.
Define a labeling f : V(G) - {1,2,3, ..., 4n + 1}as follows
Letf(c) =1, f(w) = 5, f(u) =3, f(w) = 4, and f(v;) = 2.
flw) =4i-1, for2<i<n,
fu) = 4i, for2<i<n,
f(u)) =4i+1, for2<i<n,
fv;)) =4i-2, for2<i<n
Since f(c) =1
ged(f(o), f(v))=1, for1<i<n
Similar to the previous theorem we can show that for all other pair of adjacent vertices g.c.d is 1
Thusf is a prime labeling.
Hence G is a prime graph.

Theorem 2.6
The graph obtained by duplicating the centre vertex andall the alternate vertices by edges in Star
S, = K, isaprime graph.. If n is even

Proof.

LetV(S,)={cu; / 1 <i<n}

E(S,)={cy;/1<i<n}

Let G be the graph obtained by duplicating the centre vertex and all the alternate vertices by edgesin Star
S, = Kin,and let the new edges be c'c ujuy,uzus, ..., u,_1u,_1by duplicating the  vertices
C, Uy, U3, ... U,_qTeSpectively,

Then,

V(G) ={c,c,c\u; / 1<i<n}u{u,u/1<i<niisodd}E(G) ={cu;cc,cc’,c’c’/1<i<n}u

{u u;,u u:,u’u"/l <i<n,iis odd}.

V()| =2n+3, |[E(G)| = —+3

Define a labeling f : V(G) — {1 2,3,...,2n + 3}as follows

Letf(c) =1, f(c) =2n+2, f(c)—2n+3 fw) = {
f(ul-)= 20 + 2, for1<i<n, iisodd
f(ul) =2i+3, forl1<i<n, iis odd
Since f(c) =1
ged(f (o), f(w))=1, for 1<i<n

ged(F(O,f())=1, ged(F(,£(c"))=

ged (f(c’),f(c")) = gcdn+22n+3)=1

ged(f (), f (W)= ged(2i + 1,2i + 2)=1for 1<i<n

ged (f(u;),f(u;))z ged(2i + 2,2i +3)=1for 1<i<n
ged (f(ui),f(u;))z gcd(2i + 1,2i +3)=1for 1<i<n
as they are consecutive odd integers

Thusf is a prime labeling.
Hence G is a prime graph.

20+ 1, for 1<i<n, iisodd
2i — 2, for2<i<n, iiseven,

Theorem 2.7
The graph obtained by duplicating all the alternate vertices by edges in Friendship graph 77, , except
centre,is a prime graph.

Proof.

LetV(T,) ={c,w;/ 1 <i<2n}

E(M)={cy; /1<i<2n}uf{wu,/1<i<2n-1, iisodd}.

Let G be the graph obtalned by duplicating all the alternate vertices by edgesin T,,and let the new edges be
U UL, UsUs, ..., U, Upn—q Dy duplicating the verticesu,,us , ....u,,_ respectively,

Then
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V(G)={cuu,u /] 1<i< 2n}
E(G)=f{cu; /1 <i < 2n} U {w; u;, wu;, uu;, uu,,, / 1<i<2n-1,is odd}
V(@) =4n+1, IE@G)]=6n,
Define a labeling f : V(G) - {1,2,3, ...,4n + 1}as follows
Let f(c) = 1.
_(20+1, for 1<i<?2n-1, iisodd
flw) = {21 2, for 2<i<2n, iis even
fu)=2i+2, for 1<i<2n-1, i is odd
f(u)) =2i+3, for 1<i<2n-1, iisodd
Since f(c) =1
ged(f(o), f(u))=1, for 1<i<2n-1, iisodd
gcd(f(c),f(u,-))z 1, for 2<i<2n, iiseven
If 7is odd
ged(f (W), f (wi41))=ged(2i + 1,2(i + 1) — 2)
=gcd(2i+1,2)) =1 for 1<i<2n-1
ged(f(w), f(w))=ged2i +1,2i +2) =1 for 1Si<2n—1

ged (£, £(u]) )= ged(2i + 1,21 + 3)=1for 1<i<2n—1

ged (£, £(u}))=ged(2i + 2,21 +3)=1for 1<i<2n—1
Thus fisa prime labeling
Hence G is a prime graph.

Theorem 2.8
The graph obtained by duplicating all the alternate vertices by edges in Prism D,is a prime
graph.Where n is even.

Proof.
LetV(D,)={u; / 1<i<n}
ED))={wyup/1<i<n—-1}v{u,yy po{uyyy;/3<i<n-—1}
Let G be the graph obtalned by duplicating all the alternate vertices by edges in Prime D, and let the new
edges be ujuj, uzus, ..., U, _ 1un 1by duplicating the vertices u;,us, ....u,_;respectively,
V@) ={w,/1<i<n}u{u,u;/ 1<i<n-—1,iisodd}E(G) =
W /1 <i <n—1}U {wu;, wu, wu, /1 < i <n—1,iisodd} U{u,u}U{uu/3<i<n-1}.
V(G| =3n, [E(G)| = (Tn—16)/2.

Let f(u) = 1.
_ { 2i, for 2<i<n, iiseven
fu)= 2i —1, for3<i<n-—1, iisodd, i# 2(mod 3),
fu)=2i+1, for 3<i<n-—1, iisodd, i=2(mod 3)
fw) = 2i, for 1<i<n, iis odd
f(u;)=2i+1, for 1<i<mn, iisodd, i % 2(mod 3)
f(u;)=2i—1 , for 1<i<n, iisodd, i=2(mod3)

Since f(u;) =1
ged(f (uy), f (w))= 1for3 <i<n-1
Similar to the theorem 2.1 we canshow that for all other pair of adjacent vertices
g.cdis 1
Thus fisa prime labeling
Hence G is a prime graph.

Theorem 2.9

The graph obtained by duplicating all the vertices of the cycles by edgesin Butterfly graphB, ,, is a
prime graph. If m > 2n-2
Proof.
LetV(Bym) ={w; / 1<i<2n—1U{v/ 1<i <mE(Byn)=wi w1 /1< i<n—1o{uuy, /(n+
D <i<2n-2Y{u,uy , ulyyq, UppqUy} Uy, /1<i<m}
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Case (). f m=2n-2

Let G be the graph obtained by duplicating all the vertices of two copies of C, by edgesin B, ,, and let the
new edges be u;uj, uyUy, ..., Uy, Uy, by duplicating the vertices u;, u, , .... Uy, _; respectively,

Then,

V() ={u,u,u; /] 1<i<2n—1}Uufy,/ 1<i<m} EG) = {wu,/1<i<n-1}uU
fuu/n+1<i<2n-2}u {ww, ww, wiu; /1 <i<2n-1}u
{un Uy, W Uy g1, U Uy F U {uyv/1<i<mj

V(@) =6n—3+m, |E(G)] =8n—3+m.
Define a labeling f : V(G) - {1,2,3, ...,6n — 3 + m}as follows
Letf(u;) =1
fw) =4i—-3, for 1<i<nand n+1<i<2n-1
fu) =4i—2, for 1<i<2n-1,
flw) =4i—-1, for 1<i<2n-1,
flv) =4i for 1<i<m(=2n-2)
Since f(u;) =1
gcd(f(ul),f(vi))z 1  for 1<i<m
ged(f (u), f(w))=1 ged(f (), f(uns))= 1 ged(f (wy), f (an-1))=1
ged(f (), f (wi41))= ged(4i — 3),4( + 1) — 3)
=gcd(4i —3,4i + 1)=1for 1<i <n-1 and n+1<i < 2n-2
ged (f(ul-),f(u;))= ged(4i — 3,4i —1)=1for 1<i<n-1 and n+1<i<2n-2
as these two numbers are odd and their differences are 4,2 respectively.
ged(f (), f (W)= gcd(4i — 3,4i — 2)=1for 1<i <n-1 and n+1<i < 2n-2
Then fis a prime labeling.

Case (ii).If m >2n -2
Then the same labeling given in case (i) can be given for all the vertices up to m=2n-2. For all other
vertices give consecutive labelsso that the resulting labeling is prime.
Thus fisa prime labeling
Hence G is a prime graph.

Examples

Illustration 2.1

Figurel. Prime labeling of duplication of all the alternate vertices by edges in Cg4
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Illustration 2.2

10
Figurel. Prime labeling of duplication of all the alternate rim vertices by edges in Cg.

Illustration 2.3

Figurel. Prime labeling of duplication of all the rim vertices by edges in Crown C¢
Illustration 2.4

Figurel. Prime labeling of duplication of all the rim vertices by edges in Helm 4
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Illustration 2.5

Figurel. Prime labeling of duplication of all the rim vertices by edges in Gear graph&'s.

Illustration 2.7

Figurel. Prime labeling of duplication of all the alternate vertices by edges in

Friendship graph T; , except centre .
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Illustration 2.8

Figurel. Prime labeling of duplication of all the alternate vertices by edges inPrism Dg

Illustration 2.9

Figurel. Prime labeling of duplication of all the vertices of two cycles Cs by edges in Butterfly graph Bsg .

I1l.  CONCLUSION
Here we investigate Nine corresponding results on prime labeling analogues work can be carried out

for other families also.
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