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Abstract: In the study of differential and integral calculus, integration requires knowledge of techniques to
obtain a large number of integrals. The central idea consists in this technique, to recognize the type of
fundamental integral. This technique is common in several textbooks at the undergraduate level and requires
the student to have a good theoretical and mathematical knowledge. Thinking along this path, we present in this
article the development of a theorem that can be used in calculating primitives without resorting to techniques
known in textbooks. In this case, the study is restricted in integrals that have quadratic function in the integrand
of the denominator with exponent %2 and in the numerator, related function of the type px + g. For this type of
parameters, we obtain primitives that depend on the nature of the roots of the quadratic function and once
obtained can literally be applied in several cases of integrals of the same nature, without, however, resort to
techniques for changes of variables . To better approach this alternative method, we discuss the root cases of
the quadratic function and with the results of each primitive, apply in examples for a better understanding of the
method.
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l. Introduction To The Calculation Study

The contributions of mathematicians to the birth of Calculus were decisive and used concepts of
Calculus to solve various problems and in different areas of knowledge, especially with applications in the area
of economics [1-3]. The Calculus can be divided into two parts: one related to derivatives or Differential
Calculus and another part related to integrals. The so-called top-level computation has been a powerful tool to
aid in a large number of problems requiring this knowledge [4-7],

The historical trajectory of calculus can be attributed to Newton, however, the contributions of

mathematicians to the birth of Calculus are innumerable. Many of them, even if imprecise or not rigorous,
already used concepts of Calculus to solve various problems involving physics in the study of gravitation,
historically [8-10].
With the advent of new advances, computation has been useful in many other scientific segments and has
contributed to explain many problems related to physical and chemical properties with the use of computational
resources. In this sense the calculation has been applied and studied with the use of methods and developments
that lead to results of functions for the calculation of certain physical quantities and with the insertion of other
methodologies easy to learn [11-14].

1.1 General Theory Of Fundamental Integral
Every type integral,
sz (px +q)dx . (1)

(ax2+bx+c)™

It can be considered as the sum of two integrals [ = I; + I,.
at where,

= p y(lm )
11 2a(1 )e . (2)
and
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1
L =K x172m dx,. ©))
2 1 f\/@ 1 1
With
Yy
x =22 e, *)
And
NN —Pb
k=50 (xa75). ©)
1.2 Demonstration Of Theorem
Be the integral,
_ (px +q)dx
I'= f(ax2+bx+c)m ' (1)

To get a primitive function of the integrand parameters, let's use the following artifice

y
(ax? +bx+c)" =e’ > ax’+bx+c=en. 2)

At this point, a question may arise: Why express an equality between a quadratic function and an
exponential?

We can consider that the main objective is to find the primitive given literally, for any type of integral
given by equation (1) and being the exponential a function that has the same integral or derived less than a
constant, it is possible to replace the integrand of denominator given in (2), by the exponential considered in (2),
considering an equality between the quadratic and exponential functions. Thus deriving (2), we obtain,

y

1
m 2ax+b

(2ax + b)dx = —em - dx =

dy. (3)

Taking (3) into (1), it follows that,

Y
(Px+q) 1 em (Px+q) 1 y(%—1)
f Qax+b)m ey f(Zax+b) m dy (4)
Taking again equation (2) and bringing the terms from the 2nd member to the 1st member, we obtain,

axz+bx+c=e%—>ax2+bx+(c—e%)=0. (5)

We must consider that the equation in (5) must be regarded as a quadratic function, although it has the presence
of the exponential e * (y / m). Thus, bycalculating A_1 in (5), weobtain, afterdevelopment,

1+<2\/E 2L>2
\/Zem .

Yy Yy
A= b? — 4ac = b? — 4a. (c - eﬁ) = b% — 4ac + 4aem

A1:A

Observe thesteps,

b 4a »
A=A+ 4acem = A(l +Kem)

A=A [1 +(5 e%)z]. ©6)

Whereas
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Xq =ﬁeﬁ. (7)

And extracting the root of A; , comes that,

JE= +VET D, ®

As
-b /A b VAJ1+x? VA1 + x?
x=—F——"=-">r-———=Vt——F—.
2a 2a 2a 2a
atwhereV, = — %is represented as the abscissa of the vertex of the quadratic function

Bringing the first term from the 2nd member to the 1st member and after a development, we obtain the result,

\/51+x%
2ax +b = +VAJ1+x2 >V, + — )

Taking equation (9) and (4) in the equation given by (1), we obtain after the developments that,

x, 172 dx.

1
I =K.j .
S RN

And
P 1-_'")
= —— Y m
b=a=m® '
atwhere
VA (2va\"" /  _Pb
= ()T (g )
2a \ VA 2a
And
2Va v
X4 = ezm,
' VA

Note the following passes, from (9) and (4) to (1), to obtain the previous results,

__xta) 1 y(EM)
= ——=.—e’\'m /dy. 10
fi\/z 1+x? m Y ( )

Distributing the terms, we obtain,

VA [1+x} 1-m
v, + i + L ey(_)dy (11)

“tmvE [(1427)

Distributing the terms in (11). This is,

1-m

(+pV) (1—_"1) P (l—_m ) q e’ (T)
1=f ymd+f_ymdi_f dy.
y e y JAm 1+x12 y

mvVAy1 + x? ¢ 2am N

By grouping the constant terms and extracting from the integral signal, we have,
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+
r= (=

VaAm ™ mffm

=) f P_ (50
dy + Zame dy.

Or yet,

()

£ ey(l_Tm)dy. (12)

Denoting K for the first term of equation (12) and taking, V, = —%, we get that,

1 — Pb
K=ra(xa¥5) (13)
Taking (13) into (12), comes,
1-m 1-m
=K. [— () P eY(T)dy, (14)
1+x%
Denoting in equation (14), I,. That is, being
=L e (Fay. (15)

Making a change of variable in the exponential of the equation in (1), it follows that,

y (1; ) =u-dy= (ji:nn)' (16)

Taking (16) in (15), we have that,

2T 2aem-m)) ¢ T 2a(0—m)

u

Thus, the integral in (15) has the following primitive, since the exponential remains less than signal, as
expected. Like this,

=P Yo
IZ ~ 2a(1-m) € ( ) (17)

Where the exponential of the relation in (17) with the relation given in (2) must be related to find the primitive
as a function of the variable x. Let now be the first term of the expression given in (14), that is,

1-m
I =K. [ 2=’ Gy, (18)
1+x%
Let the expression in (7), that is,
2vVa v
X1 eZm
VA

Differentiating the expression (7) in the variable x_1 as a function of y, we obtain that

_ i dy _ VAmdxq _Lm
dx; = i e - dy = —7 e 19)
Taking (19) in (18), comes,
1 —m m Am 1-m 1
I = Kf m )\/_ e_%dxl L =K—— va f ( m Zm)dxl_
V1+ x1 Va J1+ x1
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As %is a constant term, was taken from under the sign of integral, thus,

(2_;7:_1) dx1 -

; K\ﬂ&nlj' 1 y
= e
! Va J J1+42

1-2m
_ KVAm 1 ey(

= —m)
11 N f\/rx% 2 dxl.

Taking again the relation in (7), we obtain that,

x1VA
2va’

Y X
ezm — e2m =

X =

515

By placing the natural logarithmic on both limbs,

RUICORRSIC O

Substituting y given by relation (22) into expression (20), it follows that,

1- VE\E
11 — Kj_im 1 e( zfnm)'ln(le\/ﬁ) dxl.

1+x%

Considering the exponential given in (23) and using the property of the logarithmic,

e TN R Co N

Taking (24) into (23), it follows that,

1-2m
=S ()

Taking out the integral signal from the terms in (25), it follows that,

_K\/Zm.(\/Z)l_zm 1

- 1-2m
L==—"=—\7z7 X1 dx;.

1+x%

Denoting by K_10 constant term outside the signal of the integral in relation (26), we obtain that

1-2m

And the integral in (26) with the substitution of the relation (27), becomes,

1
I, =K.
1 1f\/@

Which represents the second solution of the integral given by (1)?

P

Thus, considering the integral (1), and the results given by (15) and (28), we obtain that,

1-m
I = f—(px+q)dx = 11 +12 = Klf ! .xll_zmdxl + —P y(T)

e
(ax2+bx+c)™ 2a(1-m)

1+x%

(20)

(21)

(22)

(23)

(24)

(25)

(26)

@7)

(28)

(29)

What completes the theorem. The integral given by (29) makes it possible to solve a large number of
integral and can be used to obtain primitives, aiding in precise and less complicated solutions when compared to
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the usual solution method. The theorem given by (29) can be used to obtain important primitives for each value
assigned to constant m. In this article we will use the relation (29) to apply in some mathematical problems in
order to show how much this alternative method is relevant. Considering also the expression given by (27) and
the relation given by (13), we obtain K; as a function of the parameters,

_VEm (VA "1 (. _Pb 1 (VAT _Pb
Kl‘ﬁ'(zﬁ) 'm@<iq+%)*’9‘ﬁ<m> (ta¥3g)-

1 /VA\/2va\""/ _Pb
v 56 CE) (27 5)-

2m

(55 )

“2\a

1_Za

At where,

K=(+qF Pb)
Ty,

The relationship given by (30) represents a coefficient that can be real (for positive A) and complex (for
negative A). In this way, it can be considered real or complex and depends on the type of integral to be
calculated. In the following section, we will study two cases for the value assigned to K. In both cases we will
use m = 1 taking into account A> 0 and A<0, which will be addressed in the following topic.

1.3 Consequences of the Fundamental Theorem for m = 1/2

In this topic we will use the results obtained from the fundamental theorem, the use of primitives
associated with the parameter m = 1/2. However, it is necessary to do the demonstration for each primitive
considering the root discussion of the quadratic function that appears in the integrand of the denominator of the
fundamental integral and in the case of m = 1/2. First, let's get the general integral and from this integral, make
the particularities.

The integral of the expression by (1), has as its solution the primitive when m = 1/2:

I = S (\/ﬁyl +K;In (m + xl) . (31)
With
X, = %ey. (32)
and
K =+ (aF2). (33)

Demonstration

Taking the value of m = 1/2 in the integral given by (1), we obtain

_ (px+q)dx
I'= f\/ ax2+bx+c (34)

Therefore, for the relation given in (30), we obtain,

\/Z(Z\/E)l _pb
2a \ VA 2a
Va pb q _ pb
K= (+qFL) =+ L7
1 a q 2a VJa za\/aou
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K =+(xa¥2). (35)

According to the relation given by (17), it follows that,

p =m)
_ (=
= 2a(1—m) ¢

Form = 1/2, get as a result,
I, = gey. (36)
In agreement with a relationship (2), we obtain form = 1/2,
(ax® + bx + c)/?2 = e?. (37),
Therefore, taking (37) and, (36), see what,
I, = %(ax2 + bx + ¢)/2. (38)

Taking a relagdoem (28) e considering m = 1/2, it implies

L =K. [ ——.dx,. (39)
Let's make the following change of variable,
tgh = x; (40)
Deriving the relation in (40), we obtain
dx, = sec? 6do (41)
Taking the relation (40) and (41) into (39), we obtain the following integral after realizing the developments,
I, = K,.[ sec df (42)

The solution of the integral of the expression given by (42), according to the theory of integral calculus obeys
the relation,
I, = K;.In|sec 6 + tg 6| (43)

From the relation (40), we extract for the values of sinf and cos6 the expressions,

senf = —= (44)
1+x%
And
cosf = —— = — (45)
1+x% secl

Taking (44) and (45) into (43), we obtain that,

I=K1.ln(\/1+x12+x1) (46)
With

X, = %ey (47)
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Therefore, the solution will be,

L+, ==K;.In (wll +x% + xl) +§(0Lx2 + bx + ¢)/2. (48)
We must now discuss the cases based on the first term of the integral.
As
1 — Pb
K =+—(+a%%). (49)

considered K_1 the first sign, we must,
1 Pb
K = ﬁ(q - za)' (50)

Let us operate the integral given by,

L=K.In(VT+2F +2x,) (51)

And
X, = %E e’ (52)
With
(ax? + bx + )12 = ¢ (53)
Where substituting (53) into (52), it is obtained that,
X, = %‘;(ax2 + bx + ¢)/? (54)

Raising (54) the square and summing with the unit and extracting the root, we obtain that,

2
5 =4.a(ax + bx +c¢)

X7 A
And
) 4.a’x% + 4abx + 4ac + A 4.a*x? + 4abx + 4ac + b? — 4ac
x]_ + 1 = =
A A
So,
) 4.a°x% + 4abx + 4ac+ A 4.a%x? + 4abx + b?*  (2ax + b)?
x]_ + 1 = = =
] A A A
Extracting the root, one has that,
VA1 = (55)
Taking (55), (54) and (50) into (51), we obtain that,
=[L(+qF22 l2ax+b| | 2Va .2 1/2
11—[ﬁ(iq+2a)].ln( 7 +ﬂ(ax + bx + ¢) ) (56)
Therefore, the integral will have the following solution according to expressions (38) and (56)
1 Pb [2ax+b| = 2Va
I= \/—E(q _Z) .ln( aj{ +TAa(ax2 + bx + 6)1/2) +§(ax2 + bx + ¢)1/? (57)

Where it considers the first sign of k in the expression (56). The expression given by (57) shows that it
is necessary to perform a discussion in the primitive, since in the first term of that integral, there is a square root
for the coefficient a andA to be analyzed and discussed. This shows that for each discussion, there will be a new
primitive to be considered. This will be seen in the following subtopics.

1.3.1 Private cases: When a <0 eA> 0
Then, taking the expression in (56), we obtain that, asa < 0, Sova = i.v/—a
Thus (57), we obtain that,

.1 Pb [2ax+b| | 2iv—a
11=—l\/?.(q—z)ln( ajz + L\/Za(ax2+bx+c)l/2). (58)
Because
W—a=va
And
1 _ i
iv—a B V—a

Since there is a complex Logarithm, we must relate to the trigonometric function. We consider that
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—lza\’/‘gbl =sengp =h (59)
From Euler's relation, we obtain,
seng =h = e’ :_W (60)
Developing (60), we obtain that,
eZqu -1
= Zieiw (61)
Where we multiply in the numerator and denominator by e i
Thus, we must,
2i.e? h=e? —1 (62)
Denoting
ei‘P = w, (63)
We must, after clearing the terms,
w? —2i.w.h—1=0 (64)
That represents an equation of the 2nd in » with discriminant given by,
A= —4h? + 4 = 4(1 — h?) (65),
Therefore, the roots will be,
w = ih+ 11—hz (66)
Where we will take into account only the root with positive sign. So we have to
w=ih+V1—h? (67)
In view of the expression given by (59), it follows that,
_ |2ax+b|
h = = (68)

We have after development that,
1 —h? = (—4x%a% — 4abx — b? + b? — 4ac)/A
—4a’x® — 4abx —4ac _—4a(ax’* +bx+c)
A B A B

1—-h?=
Extracting the root, we obtain that,
V1 — h? =%E(ax2 + bx + ¢)'/? (69)

Taking (67), (68) in (65), we obtain that

_ . 12ax+b| ﬂa 2 1/2
w=i—F—+7 (ax® + bx +¢) (70)

Given that,
e =w (71)

Therefore, taking (70) into (71), we have,
i |2ax+b| Zi\/E(ax2+bx+c)1/2

el = 7 = (72)
Considering the logarithm in both members, we obtain,
. 2 1/2
ip = Ln iIZa\);Z-i-bl 2iva(ax \/+sz+€) (73)
As the
lil =1
Thus, we obtain that,
2 1/2
0 = —iln |2a\)/cz+b| 2va(ax \-;—be+c) (74)

As< 0, We have to,
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|12ax +b]  2iv—a(ax? + bx + ¢)'/?
@ =—iln +
VA VA

Based on the expression in (59). This is,

senp =h (75)
Soon,
arsenh = ¢ (76)
Considering the expression given by (67), it follows that,
[2ax+bly . |2ax+b| 2iﬁ(ax2+bx+c)1/2
arsen(—ﬂ ) = —iln 7 + 7 77)
Taking the equation given by (58). This is,
_ .1 _Pb [2ax+b| | 2iv—a 2 1/2
I = lﬁ.(q Za) In (_JZ t 5 (ax* + bx +¢) ) (78)

Comparing with the expression given by (78), we obtain the important relation,

1 |2ax+b|

b
I = ﬁ(q — I;—a) arsen( 7 )(79)

Thus, the solution of the restricted integral to the case that a <0 and A> 0, has the following primitive,

=P (qx? 12 4 1 (g_Pb |2ax +b|
I'==(ax*+bx +¢) +ﬁ(q 2a)arsen( 7 (80)

Therefore, it is verified that the primitive given by (80) is general and can be applied whenever the
condition of a <0 and A> 0 is satisfied. Let's look at the following examples and an application at arc length.
Examples of applications.

Example 1
Calculate the integral,

j x+2 d
—ax
Vdx — x?

In this case, the parameters are given by,
pr=1qg=2,a=-1,b=4 ec=0eA=16

According to the comparison of expression (34) with the integral given in the example.
Taking the expression (78). This is,

—Pax? 1/2 L( _@)
I a(ax + bx+c) +\/—_a q-5 arsen(

Taking the values of the parameters, we obtain that,

1 —x + 2
I=—(4x —x?)2 + 4arsen(|2—|)
Or
1 x—2
I = —(4x — x?)2 + 4arsen( > )
Example2
Calculate the integral,
x+3
| = | ——=dx
V5 — 4x — x?

r=1q=3,a=-1,b=—-4,c=5eA=36

Taking the expression (79). This is,
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p 1 Pb [2ax + b|
[ =— ax2+bx+c1/2+—( ——)arsen—
a( ) — q=5 ( 73

And taking the values, we obtain that,
x+2

1
I =—(5—4x —x?)z + arsen( 3

)

Example 3
Calculate the integral,
dx

V4 — x?

r=0qg=1a=-1,b=0,c=4eA=16
Using the expression in (81), it follows that,

1 Pb 2ax +b
1= g (ax? + bx +c)'/? + —(q - —) arsen(g

I =

V—a 2a \/Z
The first integral cancels out, since p = 0. We have only the second integral. This is,
/ 1 ( Pb) (IZax + b|
=—\q— 5 |arsen(———
V—a a 2a \/Z

Taking the values of the parameters, .
I = arsen(E)

Example 4

Length of circumference.

Seals the equation of a circle in Cartesian coordinates

x2+y?2 =r?
Determine the length of this circumference
Solution
x2+y2=r2—>y=m—>ﬂ=— x
d 2Vr? — x2 Vr2 — x2

Taking the last expression before the square, we obtain,
@) -~
dx) — 1?2 —x?
Since the length of an arc is given by the expression (STEWART, 2006)

S= f"l + [(f (x)]?dx

As

X
r2 — x2

£ =-

Taking in the expression of S, it follows that,
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xZ
S=f 1+mdx

Ou ajeitando os termos sob o sinal do radical, vem que,

According to the expression (4), we have the following parameters,
a=-1,b=0,p=0,9 =1, A= 4r?
In this case, we have, a < 0e A> 0

So the solution is given by expression (80). Thisis,

p 1 Pb [2ax + b|
[ =— ax2+bx+c1/2+—( ——)arsen—
a( ) =172 ( 73

The first one cancels out (p = 0). We have for the second term,

. 1 ( Pb) [2ax + b|
= q a arsen( 73

Taking the given values, we obtain that,
. X
= r.arsen( = )
Taking into account the limit of integration,
X
I = =16
rarcsen (r) |5

or

I =r.(arcsen1 — arcsen0)
T nr
S=r.(§—0)—>5=7
Therefore, the length of the circumference will be:

Sy = 2nr

1.3.2Whena > 0 e A< 0

Using the expression given by (57), we obtain that,
1 Pb |2ax+b| 2\/5(ax2+bx+c)l/2
1= (0-5) M

VA VA
As A<O0, the expression in (81) becomes,

+§(ax2 + bx + ¢)'/?

|2ax+b| Zx/E(ax2+bx+c)l/2
iv—A iv-A

1 Pb
I=\/—E(q—z).ln +§(axz+bx+c)1/2

Therefore, being
lil =1

(81)

(82)

(83)
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We have to,

1/2
|2ax+b| n 2\/E(ax2+bx+c) /

V=4 V=4

1 Pb
I=—a(q—z).ln +§(ax2+bx+c)1/2 (84)

Examplel

Calcule a Integral
x+2

N i
Seja
r=1,q=2,a=1e ¢c=9 com b=0,A=-36
Como

a = leA= —-36
Levando os pardmetros na expressdo (84), obtemos que,

[2x + 0| N 2V1(x?% + 9)1/2
V36 V36

1
+I(x2 +91/2

- (-2,
AV Tz

Assim, obtemos que,

x+VETT9
1=w/—x2+9+21n(T)

Example 2
Calculate the integral,
| (=2x+1)
= _—ax -
Vx2+1

We have the following parameters,
p=-2qg=1,a=1b=0,c=1A=—-4
Using the expression given by (84). This is,
1 Pb | [2ax + b| 2Va(ax? + bx + ¢)'/?
1=l V-1
Taking the values of the parameters, we obtain that,
[2x — 0] 2VI(x% 4 1)1/2

+
V4 V4
[ ==2{x%+1+Inifk +x%+1)

+ g(ax2 + bx + ¢)'/?

2

I=1(1-0).In -G+

Thus, it has been that,

1.3.3Whena >0 e A> 0
Let the expression be (57). This is,

1 Pb l2ax+b| . 2@
Izﬁ(q—z).ln( ag +T§(ax2+bx+c)1/2)+§(ax2+bx+c)1/2 (88)

As a> 0 and A> 0, the solution of the integral with m = 1/2 can be solved based on the expression given by (88).

Examplel
Calculate the integral,
x+2

| = | ——dx
Vx2+2x—3
r=1,q=2a=1b=2 e c=-3,A=16

As a> 0 and A> 0, the expression given by (84) is used.
1 Pb 2ax +b| 2+va
I = —(q —%).ln (¥+LA_(ax2 + bx + c)1/2> +%(ax2 + bx + ¢)1/?

Va VA VA
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Taking the given values, we obtain that,

(x+1)+vVx2+2x-3
I=+x24+2x—-3+1n

2
At where,
1( Pb)_1
\/_q 2a)
P_,
a
|2ax+b|_x+1
N
2Va 1
ﬁ(ax2+bx+c)1/2=E\/x2+2x—3

1.3.3Whenoa > 0e A=0

In this case we must prove a primitive for this particular case in which the quadratic function has a
double root.

Demonstration of theorem

Be the
integrall = [ f’x:% (89)
Whereas
vax? +bx+c=¢” (90)
ax’ + bx +c = e? (91)
Deriving the expression (91), we have:
(2ax + b)dx = 2e?’dy (92)
Soon
2
dv =S ©3)
Taking (93) in (92), we obtain:
(px+q) 2.e%Vdy (Px+q)
f e¥ " 2ax+b Zf x +b ydy (94)

Let's get the variable x.
As
ax®? +bx+c=e¥
Leading to the first term, we obtain,
ax’* +bx+ (c—e?)=0 (95)

Assuming that the expression in (95) is a quadratic equation, we have the result of the discriminant A,,,
A= b? —4a.(c —e?) = b? — 4ac + 4ae? = A+ 4ae?” (96)

Since the roots are equal, we have A = 0. Soon. Whose roots assume the values,

—bi\/A_l —b \/A+4aezy —b  V4ae?

x= 2a - 2a T 2a  2aT 2a
Or
2ax + b = +2vae” (97)
Isolating x, we obtain,
x = =2 4 Yae (98)

2a a
For the function px + q given by the numerator of (94) and with the value given by (98), it follows that,
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prtq=p(2+%) +q (99)

a
Whereas
-b

* 7 2q

(100)

As the vertex of the quadratic function. Taking (100) in (99), we obtain,
px+q=pvxip@+q (101)
Taking expression (101) and taking in (94), we obtain, in view of expression (97), it follows that,

(px +q) f Vae?Y ey
I=2 | " Levgy=1=2 +X pigq). .
fZax+be dy PV =, +q 2\Jaey dy

=%”(pvxi\/a:yp+q>]-dy
T

\/_jK—d 20y +qay) |

\/_j[ +q)dy+£eydy]

Which leads to the following primitives,

\/_j [(+—+q)dy+ieydy]

I=+(+2Fq)y+Lle (102)
As
ax’ + bx +c = e? (103)
We have to,
In(ax?bx +c¢) = 2y (104)
Or
y = %ln(axsz +¢) =Invax? +bx+c¢ (105)
vax?+bx+c=e¢e’ (106)
We have, therefore,
L(gbrx Z P axZ
I=\/—E(iz+q)ln\/ax +bx+c+;\/ax + bx+c (107)
Denoting
—L(ybp
k=+(+2%q) (108)
We obtain that,
I=k.ln\/ax2+bx+c+§\/ax2+bx+c (109)

That is the integral sought. As for the signal of the coefficient k, we can consider for the first root of the
quadratic function. This is

_1( _b»
ke = \/E(q Za) (110)
Thus, we must,
[ = 1 ( bp) 2 p 2
=—=(a-3, .Invax +bx+c+;\/ax +bx+c (111)

Example 1
Let's calculate the Integral:
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—3x+4

= | ———=dx
Vdx?2 —4x +1
Sejap=-3,q=4a=4b=—-4 e A=0

soon,
Vax? +bx+c=+4x? —4x+1=J/2x—1)2=2x—1
being
K bp+ K >
= — — - = —
2a " 1 2
Soon,

P 5\ 1
I = Z (2x—1)?%+ (E>\/—Zlnw/(2x -1)? -

3 5
I = —Z(ZX - 1) +le’l(2x - 1)
If we were to use the usual method, we would have:

(-3x+4) (-3x+4)
= | —/——dx=| —————dx -
Vdx2 —4x + 1 2x—1
u+1 du
2x—1=u-x= > edx=7—>
x4 4= 3(u+1>+ _ 3u 3+ _ 3u+8—3_—3u+5
xra=—s = R THTE T T T T T

2
f 3u+5\ du 1 3du 5du
1= [ o (2 5
2 2 u 4 4 u

I———3 +—Sl —>I———3(2 —1)+—51 (2x—-1)
— —

. N - 4u -4 nu 4 X 2 nix
Which is in full agreement with the previous result.

Example 2
Calculate Integral
[ (2x — 7)dx
Vo —ex+1

In this case, we must:
P:Z,q=—7,a=9,b=_6 e
A=b?—4ac =36—-49.(1) =36—-36 >A=0

K ( bP+ )1
=\—5 e
2a q\/a
K- 19
)

P 19 2 19
I=—B3x—-1)——.InBx—-1)»>I==Bx—-1)——In(Bx — 1)
a 9 9 9

Wehaveto

This represents the Integral sought.

2nd method: By changes of variables, Let's apply the usual method:

I fzx_7d 3x—1
= - —1=u-
3x_1 X X u

p du / f(Zx—7) du f 1 [2 (u+1) 7]d
= — - = —_—— D — —
=73 w3 3ul“\"3 u

1—f1(2u+2_21>d _f1(2u—19)d
=3 3 Y3\ 3 u=
I

2 19 fdu 2 19
=—fdu—— —=-——lnu-
9
2

9)Ju 9 9
19
I = 3 Bx—-1) - ?lniféBx -1
Which fully agrees with the previous method.
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1. Conclusion

We verify from the previous text that the insertion of the alternative method can replace the traditional
method that happens through changes of variables. In this case, for integrals studied for m = 1/2, it becomes a
less complicated mathematical development, in view of the direct substitution of the parameters in the integral
given in the literal expression. We observe from the exercises that there is a consistency with an understandable
methodology where the student does not resort to changing variables or other techniques to obtain a particular
primitive. In this case, it is enough to understand the different cases to be used and to apply the values of the
parameters in a specific integral by performing the substitution of the parameters in the integral.

The restlessness might arise in considering why we substitute a quadratic function for the equality of an
exponential function. In this case, we can eliminate this doubt by considering that the exponential is the only
function in mathematics that remains unchanged at less than one constant. In this case, it can be used to
calculate integrals by replacing other functions present in the integrand, because at the end of the result it is
possible to find the primitive, as it was done at the beginning of the text to obtain the fundamental integral.
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