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Abstract: We shall apply the Minkowski’a inequality in the exponent to derive a new and sharper results on
Hilbert and Hardy inequalities.
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l. Introduction
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In 1952, [1] studied the Hilbert-Hardy inequality for positive functions f,gwith p>1—+—=1as
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provided that the integrals on the right hand side are convergent. The best possible constant derived is
T

In 2005, [2] discussed the inequality
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(1.2)

where B(1— pA,, A+ pA, —1)is a beta function and is the best possible constant,
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In 2011, [3] studied the inequality
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where L'=a 2 ¢ 2 B(1-pA,, 24+ pA -1)F (1 PA, A - 1-pA A+ 1 b—j is the best
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possible constant, F (a, b;c; X) is the hypergeometric function A >0 A € (%%J, A e (%,%J

and pA, +0A =2-41,a,c>0, b? < ac, Uand v are differentiable nonnegative strictly increasing

functions on (a,b), (—o0 <a<hb <o), and they satisfy the following conditions:

limu(t)=limv(t)=0 and limu(t)=limv(t)=co

t—a* t—>a* [ t—b~

In 2013, [4] discussed the inequality
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(1.4)

provided the integrals on the right hand side are convergent; where

(i ](l ] [l ﬂ J ! ! ! ! !
c=|—+y || ——y |B| —+y,——y |is the best possible constant with the following conditions
p q p q

assumed:
p>];l+1:1,/1>0,7/e(_—/1,
P q p

=["g(z)r.

The reverse form of (1.4) was also studied.

o

J, f,g>0, f,geL(a,b)and F(X):LXf(r)dr,

1. Results

In this paper, equation (1.4) is discussed using the following properties:

1. ‘(u +v)p‘ <|(u+v)]" <(ju[+M)" < 2p(|u|p +|V|p)
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2 1 /1_.[0 ~(u+v) tdt>J‘ {(eo+2 ))dt=% provided A >0,u(x),v(x)>0.
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Theorem 1 Let p>1,6+a=1,a=a,ﬁ>0, f.g>0; f,gelL(ab); (I)(X)=J‘a f(r)dz,
Q(y):j g(z)dzand let tILTu( )=tILrI}v(t)=0 and tILTu(t):tILTV(t)ZOO- If
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(2.1)

Yp Yq Yp
where C—;L—F[i lj [i+£j B[i,lj B(i,ij and B(m,n)is a beta function.

P q q p

Proof On applying the Holder’s inequality;
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Now, we have

Yq

I:(e—[uﬂ~(x)]tf (X)dX) JYatva- a/ﬁ.r(pa_'_l)]/qj (U N le_w(xﬂtq)q(x)dx)
(2.3)

On interchanging roles of P and ¢ we get;

a).

(J:(e{ui(xﬂt f (x)dx))p = """ (qa +1)§ j:(u‘p“ (x)u“(x)u’(x)e_[ui(x)}tcbp (x)dx)
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similarly for the second bracket in (2.2),

b).
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substituting (a) and (b) in equation (2.2), and let we get

NN dXdy%r(%”fr(&”fIf(“”“”l(x)u'(x)cpp<x)(L°°t”e-Mx>Jtdt)dx)ﬂp

2 24 (u* (x)+v* () g

" T (x Yaq
XJ':(VA/pwu(y)vr(y)Qq(y)(J'o e [ ()Jtdt)dxj
2 Yaq Yp Yq Yp
=%r££+£] r(igj B(&,zj B(&,gj
2 P q qa p Pq q p
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(2.4)
The verification that the constant C is the best possible is similar to that done by [4].

I1. Example

Ifwe let u(X)=Xx, v(y)=y, A=1,theequation (2.4) reduces to
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which coincides with [1].
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