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Module approximate amenability of /'(S) and 2-weak module

amenability of Beurling semigroup algebras

Gholamreza Asgari and Davood Ebrahimi Bagha*

ABSTRACT. In this paper, we study the module approximate amenability of semigroup
algebra [1(S) as !'(E)-module, where S is an inverse semigroup and E is the set of
idempotents of S. Also, we show that the weighted algebra I'(S,w) as I*(FE,w)-module

is 2-weakly module amenable.

1. Introduction

The concept of amenability of Banach algebras was first introduced by B. E. Johnson in
[H] M. Amini in [Eh introduced the notion of module amenability for a class of Banach alge-
bras which could be considered as a generalization of the Johnson’s amenability. He showed
that for an inverse semigroup S with the set of idempotents E, the semigroup algebra 1(S)
on [}(E) is module amenable if and only if S is amenable.
The concept of approximately amenable Banach algebras was intiated by Ghahramani and
Loy in [@] They showed that the group algebra L'(G) is approximately amenable if and
only if G is amenable where G is locally compact. This is fails to be true for discrete semi-
group. If S is discrete semigroup, then approximate amenability of I*(.S) implies amenability
of S.
Recently Bami and Samea have shown the above result for the case that S is cancella-
tive semigroup. Aghababa and Bodaghi in [@] defines the notions of module approximate
amenability and module approximate contractibility for a Banach algebra A which is also
a Banach 2-module with compatible actions that introduced in[lih. They showed if S is an

inverse semigroup with the set of idempotents E, then the semigroup algebra (1(S) is I' (E)-
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2 GHOLAMREZA ASGARI AND DAVOOD EBRAHIMI BAGHA

module approximately amenable if and only if S is amenable, where I!(E) acts on [*(S) with
trivial left action.

The concept of weak amenability was first introduced by Bade, Curtis and Dales in [2]
for commutative Banach algebras. B. E. Johnson in [[7]] extended to the non-commutative
case.

Let A be a Banach algebra and n > 0 be an integer. A Banach algebra A(™ be the n—th
dual module of A when n > 0 and be A itself when n = 0. A Banach algebra A is called
weakly amenable [2] if every bounded derivation D : A — A* is inner. Also a Banach
algebra A is called n-weakly amenable [?] if every bounded derivation D : A — A(™) are
inner. The Banach algebra A is permanently weakly amenable [?] if it is n-weakly amenable
for all n > 1.

Let L'(G,w) be a Beurling algebra on a locally compact abelian group G. The case of
weak amenability has been studied in [2] and [5]. One major result states that L!(Z,w) is
weakly amenable if and only if in fnw = 0. Therefore I'(G,w) is weakly amenable if
mfnw =0forallt €.

Dales and Lau in [16] showed that if w > 1 and infn% =0 for all t € G, then L'(G,w)
is 2-weakly amenable.

In this paper, we consider the canonical actions of I(E) on {!(S) and discuss the module
approximate amenability of [1(S). we investigate the 2-weak module amenability for I*(S,w)

where S is an inverse semigroup and w be a weight on S.

2. Module approximate amenability of semigroup algebras with new actions

Let A and 2 be Banach algebras and let A be a Banach 2[-module such that
a.(ab) = (a.a).b (ab).a = a(b.ar) (a,be Ao e ).

If X is both a Banach A-module and a Banach 2l-module such that for all a € A,z €
X, aed

a.(a.z) = (aa)x (az)a=a.(zx.a) z.(aa)=(ra).a z.(aa)=(z.0).a,
then X is called an A-A-module. If moreover,
o.r = x.Q (ae,zeX),

then X is called a commutative A-2-module.
Let X and Y be A-2-modules and let ¢ : X — Y be a linear map which satisfies the

following conditions:

d(a.x) = a.¢(x) o(z.a) = ¢(x).a (aceAzeX aec).

Manuscript id.754235504 WWW.ijstre.com



MODULE APPROXIMATE AMENABILITY OF ['(S) AND 2-WEAK MODULE AMENABILITY OF BEURLING SEMIGROUP ALGEBRAS

Then ¢ is called an A-A-module bi homomorphism. Let X be a commutative Banach
A-2-module, then the projective tensor product A®X is also an A-2-module with the
following actions:

a.(b®z)=(ab) @z bez)a=bx (x.a)
a.(b®z)=(ab) @z ber)a=bx (z.a) (a,be A,z € X,a € ).
Now, let 7 : A®X — X be defined by
mla®z) =a.x (ae Az e X).

It follows from the definition that 7 is an A4-2-module bi homomorphism.
Let Ix be the closed A-2A-submodule of the projective tensor product A®X generated
by
{(ac.a) @z —a® (ax):a € Aaedxe X}
Let Jx be the closed submodule of X generated by 7(Ix). That is

Ix = (r(Ix)).
In special case, when X = A, J 4 is the closed ideal generated by {(a.a)b—a(a.b) : a,b €

A, € 2} and the quotient Banach algebra % is also an A-2-module.

LEMMA 2.1. Let X* be a commutative Banach A-A-module and let D : A — X* be a
module derivation. Then D(A) C Jx.

PRrROOF. Let a,b € A,a € A and x € X, then (a.a)x — a(a.x) € Jx. Then
(D(b), (a.c)x — a(a.x)) = (D(b)(a.ct) — (D(b)a).cr, z) = 0.
O

For Banach algebras A, 20 and a Banach A-2-module X with compatible actions, a
bounded map D : A — X is called a module derivation [L] if D satisfies the following:

D(ab) = D(a).b+ a.D(b)
D(a.a) = a.D(a), D(a.a) = D(a).cx (a,be A,a e ).
Note that D : A — X is bounded if there exists M > 0 such that for every

a € A, ||D(a)]] < Mlla||. If X is a commutative A-2-module, then for each z € X defines

an module derivation as D, (a) = a.x—z.a, (a € A). These are called inner module drivation.

DEFINITION 2.2. A Banach algebra A is called module amenable (as an 2A- module) if
for every Banach A-2-module X* with commutative J% (as an - module) and a.(a.y) =
(a.a)y (a €A a €Ay e Ji), each module derivation D : A — Jx is inner .
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Note that if A = C, then the module amenability will absolutely overlap with Johnson’s
amenability [4] for a Banach algebra.
Let X is a commutative A-2f-module. For each net x, € X defines an approximate

inner module derivation as
D, (a) =limg(a T —To-a) (a€A).

DEFINITION 2.3. The Banach algebra A is called module approximate amenable (as an
2-module) if for every Banach A-2-module X* with commutative J5 (as an 21- module)
and a.(a.y) = (a.).y (a € A, € A,y € Ji), each A-module derivation D : A — Jx is

approximate inner.

THEOREM 2.4. Let A be a Banach A-module with commutative canonical actions. If Jy

be a closed ideal of A such that J4 C Jy, then % is commutative Banach 2A-module.

PROOF. If canonical actions are commutative, then J4 = {0}. Therefore 0 = a.c—av.a €

Jo. By [17, Theorem-] is commutative banach 2-module . O

A

> To
THEOREM 2.5. Let A be a Banach d-module with caconical actions and Jy be a closed
ideal of A such that J4 C Jo, then for any commutative Banach 2A-module J5: with canonical
actions every module derivation D : % — J)Jg is approximate inner. So % is module

approzimate amenable

PROOF. Suppose X be a unital commutative 4 T -2- bimodule and D : &+ — JX be a
bounded module derivation. Let a.x = (a + Jp).x and z.a = z.(a + Jo) (a E A,z e X).

In this case A becomes to commutative Banach A-bimodule . In the other hand we define
ar=axz, zoa=zxa (X, ac).

Thus X is a Banach 2-module. If we suppose z.a« = av.x then X is commutative Banach

A — 2- module . Conside r D : A — X* with D(a) = D(a + Jy) and show that D is a

module derivation. Let a,b € A and a € 2 we have

E(a + b) = D(a +b+ Jo) = D(((l + Jo) + (b + Jo)) = D(a + Jo) + D(b+ Jo) = ﬁ(a) + D(b)

and
D(ab) = D(ab+ Jo)(b+ Jp))
= (D(a+Jo))(b+ Jo) + (a+ Jo)(D(b+ Jo))
= D(a)(b+ Jo) + (a+ Jo)D(b)
= D(a)b+aD(b)
This is obvious that A is an 2-module and the same as for % . let X as a % —A—

module with compatible actions in[L]. Hence
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D(a.a) = D(a.a+ Jo) = D(a.(a+ Jo)) = a* D(a+ Jy) = a* D(a) = a.D(a)

and similarly D(a.c) = D(a).cv .
In this case D is a module derivation and since A is module approximate amenable then
there is (zo) € X* such that

D(a+ Jo) = D(a) = limy[a.(74) — (2a).a] = lima[(a + Jo).(2a) — (4).(a + Jo))
and hence D is inner O

THEOREM 2.6. Let A and B are Banach algebras and Banach 2A-modules. If A be a
module approximate amenable and ¢ : A — B be a continuouse epimorphism such that

o(A) = B, then B is module approximate amenable.

PrOOF. Let Jx be an B-2l-module. Since ¢ is epimorphism, then Jyx is an A4-2f-module
. If D : B — Jx be a module derivation, then Doy : A — Ji is module derivation.

But A is module approximate amenable, then there exist net {x,} C Ji such that for each

a € A,

Dop(a) = D(p(a)) = lima(p(a) 2o = a-p(a)).

Then Doy is inner. But ¢(A) = B and D is continouse, therefore D is inner. O

LEMMA 2.7. Let A be a Banach 2-module and Jy is an closed ideal of A. Module

approzimate amenability of A implies that of J%.

Proor. If 7: A — % defined by 7(a) = a+ Jy for each a € A, then = is continuouse
epimorphism and ¢(A) = B. The result hold by Theorem @ O

3. Semigroup Algebra

Recall that a discrete semigroup S is called an inverse semigroup if for each s € S
there is a unique element s* € S such that s*ss* = s and ss*s = s*. An element e € S is
called idempotent if e = e* = e2. The set of all idempotents of S is denote by E. E is a

commutative sub-semigroup of S with the natural order on F, defined by
e<d = ed=ce (e,d € E).

I1(S) as a Banach algebra is a Banach ['(E) -module with compatible actions in [1].
The authors in [[L7] discuss approximate amenability of [1(S) with following actions
0e.05s = 05 and 05.0. = 05 =05 %0, (s € S,e € E).
We consider right and left actions of ¢}(E) on ¢1(S) by
005 = 0es = 0e 05 and 05.0 = dse = 05 %0, (s € S,e € E).
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6 GHOLAMREZA ASGARI AND DAVOOD EBRAHIMI BAGHA

These actions make ¢!(S) a Banach ¢*(Eg)-module.
Let Jpi(sy be the closed submodule of ¢'(S) generated by

{5set —ds:8,te S,ec€ ES}.
We define an equivalence relation on S as follows
st < 55*5t€<]él(s) (s,t € 9).

In [1], it is shown that S is amenable if and only if £ is amenable. The authors in [6],

%)

prove that for an inverse semigroup S the quotient semigroup
1(S) 1S
Tng S U(R)

. 1 . 1 S) (a7l S 1
Since [*(S) is a I'(E)-module, then Jel—(S)(: [*(2)) is a Banach [*(E)-module by
(56.((53 + Jfl(S)) = 0es + Jel(s) s (55 + ng(s)).(se = Jse + J@l(s).
Let s € S and e = s*s € E, then s = ss*s = es. Therefore

686 - 55 = 586 - 568 € JZI(S)-

is a discrete group. Also

~

So se ~ s and this means that d..0q = 0[se] = O[5). Similarly d[s.0c = 6[cs] = J[5). In this
case we conclude /'(£) is a commutative Banach {*(£)-I!(E)-module.

~

THEOREM 3.1. Let S be an inverse semigroup. ll(i) is module approrimate amenable

~
~

with canonical actions if and only ifll(i) be an approximate amenable.

~

PROOF. We consider left and right actions of I*(E) on I[}(2) by 04 * 6 = 5] =
(5[8}, O * 5[3] = 5[@3] = 5[5] (e eE se S)
Hence I*(£) is commutative Banach ' (E)-module. In the other word, we can say the

~

left and right actions of I'(E) on I'(£) is trivial. Thus

~
~

HE)®nm'(2)=1M(E)Q1M(2).
Therefore 1'(2) is module approximate amenable if and only if I'(£) is approximate

amenable. O

THEOREM 3.2. Let S be an inverse semigroup, then 11(S) is module approximate

amenable with canonical actions if and only Z'fll(g) be a module approximate amenable

PROOF. We know that (5. = I'(£). We proof that [*(S) is module approximate

s ~

~

amenable if and only if };(—i)) is module approximate amenable.
Let left and right actions of [1(E) on X with * (as an A-module).

1
Suppose that %;9)) be a module approximate amenable and Jx= be a commutative I* (E)-
24 (S

11(S)-module. Let D : {*(S) — Jx* be a module derivation, then

0se-T = 0 % (0c.x) = 05 * (2.0c) = (Js ¥ x).0e = 0c.(0s ¥ ) = des.x (e € E,s € S,z € X).
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1(s)

Tos)

Therefore Jy1(g).X = 0 and similarly X.Jy(g) = 0. Then X is commotative

I*(E)-module with the following module actions
(0s + Jo(s))-x =bs.x .05 + Jo1(s)) = 2.0s,
for each s € S and z € X. Since D is a module derivation, then
D(0es) = 0e ¥ D(8s)  D(dse) = D(ds) ¥6. (e € B, s€S).

But X is commutative [!(E)-I*(S) -module. Hence D(d.s) — D(ds.) = 0. On the other hand

D((St)'((;es - 536) =0= (568 - 586)-D(5h) (tvhvs €S, e€ E)

So
D((St((;es - 656)6}1) = D((St)-((ses - 686)6h + 6t(6es - 686)'D(6h) = 07
therefore .D|Je1(s) = 0. Thus D induces a module derivation D : zl(—i)) — Jx T that is
defined by ﬁ(és + J£1(S)) = D(ds).
f 21(—2 (‘as I'(F)-module ) be a module approximate amenable with canonical actions,

then there exist net (z,) C J «* such that
D((Ss) = E((Sé + Jél(S)) = lima[(ds + Jll(S))-ma - J)a(tss + Jél(S))] = lima(és.l‘a - l‘a.és).

Thus D is approximate inner and so {!(S) is module approximate amenable.
1 1

Conversely, let X be a commutative }(—f))—ll(E)—module and D : %29)) — Jx* be a
(s (s

module derivation, then X is a [!(S)-I'(E)-module with following module actions

ds.x = (0s + Jo(s)).x, x0s=u.(6s+Jp(s) (reX,se8).
Let D : I1(S) — Jx* be defined by D(J;) = D(6s + Jii(s)) foe each s € S, then D is

module derivation. On the other hand /'(S) is module approximate amenable, then there
exist a net (), C Jx* such that

D(0,) = lima2a.0s — 0506 = lima (74 (5s + Joresy) — (0s + Jo(s))-xa) =
D(5S+Jg1(5)). (SES)

1'(S)
Jos)

Therefore D is approximate inner and thus is module approximate amenable. O

THEOREM 3.3. Let S be an inverse semigroup with the set of idempotents E. 11(S) is

I*(E)-module approzimate amenable with canonical actions if and onle if S is amenable.

PrOOF. By theorem @, I1(S) is module approximate amenable (as a [!(E)-module)

with canonical actions if and only if {*(£) is module approximate amenable as a [}(E)—
module. Therefore ll(i) is approximate amenability by theorem EI Since % is discrete

~

group, then by [18, theorem 3.2], ll(%) is amenable and so S is amenable. g
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4. 2-weak module amenability of I!(S,w)

DEFINITION 4.1. Let S be a invers semigroup and €1 (g .,y be all of character on [ L(Sw)
w, then (1 (s, is called 0-property
if f =0 when o(f) =0, for each ¢ € Qp(g,,) and f € (S, w).

We know that a commutative Banach algebra is semisimple if and only if its Gelfand
representation has trivial kernel. If I' : I'(S,w) — Co(1(s.)) defined by (f) = 7 be the
Gelfand representation of I!(S,w), then

Kerl' = {f € I'(S,w) : f(¢) = @(f) =0 for each ¢ € Y1(sw)}-
If Q1 (5., has 0-property then kerl' = 0. In this case I*(S,w) is semisimple.

THEOREM 4.2. (Singer-Wermer theorem) Let 2 be a commutative Banach algebra and D
be a bounded derivation. Then D maps 2 in to it’s radical. In particualr if A is semisimple
then D = 0.

PROOF. [15, theorem 2.7.20] O

THEOREM 4.3. Let S be a commutative inverse semigroup and w be a weight on S such
that w(s) = w(s*) for each s € S. If the following three conditions are met
(1) For finite number s € S andn € N , w(s* + (1 —n)t) > 2w(s);
Q1(5,w) has 0 — property;
wnt) _

(i)
) Z.nanN n ’

Fort e S, then I1(S,w) as I}(E,w)-module is 2-weak module amenable.

(iii

PROOF. First we know that [}(S,w)* is I*(S,w) — I (E,w)— module and the same as

for 1*(S,w)**. Let D : I*(S,w) — I'(S,w)** = 1°°(S,2)* be a module derivation and
I Dl< 1.
If 7, @ I}(S,w)*™* — [}(S,w) is a canonical projection then 70D : I}(S,w) — I1(S,w)
is a continuous derivation. Since €1 (g ) has the 0 — property then I1(S,w) is semisimple
Banach algebra and by (@) , mwoD = 0 then D(I'(S,w)) C Kerm,. To prove D = 0 it
suffices to shows that for each A € I1(S,w)* we have (D(d;),\) = 0. We define H,, = {s €
S:w(s* + (1 —n)t) > 2w(s)} and with (¢) , H, is finite. Define

0n(s) 0 if se Hy,
nis) =
(Ad(i—n)t)(5) if s€ S—H,, )€l (B w)
We have
upacs O = gup, gy [AEHOI ol 40w g |

In this case || 6, |[< 2 || A || and so 6,, € 1°°(S, ). In the other way
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<5(1—n)t'D(6nt)7 >‘> = <D(6nt)a A'5(1—7z)t> = <D(5nt)7 6n>

Since for each n € Z we have D(a) = La'™"D(a™), therefore

<D(5t)’ )‘>

—~
S|

S(1-nye-D(0nt), A)
S(1-n)e-D(0nt); A)
nt)s A0(1—n)t)
nt)s On).

o~~~

SlE3=3=

D(6

D(b
In this case

| {(D(3),N) |= L | (D(Bnt), 0n) 1= 2 1 D) 1l 0 1< L 1] St [l 0 1< 2222 | X

But infner(nt) = 0, then (D(d;), ) = 0. =

n
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