International Journal of Scientific and Technical Research in Engineering (IJSTRE)
www.ijstre.com Volume 6 Issue 4 Il July-Aug 2021.
ISSN: 2581-9941

Relation between k-variety and conjunctive
varietyof /-fuzzy languages

Dr.Ajitha Kumari K

Associate Professor, Department of Mathematics, B.J.M.Govt.College,
Chavara, Kollam, Kerala, 691583, India.

email : ambiliragamalika@gmail.com

Abstract : In this paper, we show that any *-variety of /fuzzy languages is a conjunctive
variety of (idempotent) semiring recognizable Huzzy languages. we provide some examples of
semiring recognizable Huzzy languages. We also prove that the class of left singular Huzzy

languages is *-variety and conjuctive variety of fuzzy languages.

Key words : Generalized fuzzy languages, Left singular /fuzzy languages,

x-variety of uzzy languages, Conjunctive variety of Huzzy languages .
l. INTRODUCTION

The theory of fuzzy language was developed as a generalization of the classical notion of
(crisp)languages. The concept of fuzzy automaton was introduced by Wee in 1967. More on
recent development of algebraic theory of fuzzy automata and formal fuzzy languages can be found
in the book by Mordeson and Malik [57]. The varieties of fuzzy languages were introduced by
Petkovic [67]. Semiring recognizable languages was first studied by Polak [87. In [97, he
introduced the concept of syntactic semiring of a language and studied its properties. Also he
established a one-one correspondence between the lattices of all conjunctive variety of languages
and pseudovariety of finite idempotent semirings. We introduce the notion of *-variety of monoid

recognizable Huzzy languages in[37]. In [27] we introduce the notion of variety of semiring
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recognizable /Hfuzzy languages. Also we obtain a one to one correspondence between varieties of

semiring recognizable ~uzzy languages and all pseudovarieties of finite idempotent semirings.

In this paper we give a relation between *-variety and conjunctive variety of /-fuzzy
languages. We prove that every *-variety of Huzzy languages is a conjunctive variety of Huzzy
languages. we describe left singular ~fuzzy languages. We prove that the set of all left singular

IHfuzzy languages is *-variety and conjunctive variety of /-fuzzy languages.

1. PRELIMINARIES

In this section we recall the basic definitions, results and notations that will be used in the sequel.
All undefined terms are as in [4, 5, 7, 10]. A lattice is a partially ordered set in which every subset
consisting of two element has a least upper bound and a greatest lower bound. A lattice [ is called
complemented if it is bounded and if every element in / has a complement. A lattice / is called
a complete lattice if every nonempty subset of [ has greatest lower bound and least upper bound

in L

Definition 2.1 (cf.[97]). An idempotent semiring is a nonempty set S together with two binary

operations + and - and two constant elements O and 1 such that
i) (S,+,0) is a commutative idempotent monoid.

i) (S, 1) s a monoid.
(iii) the distributive laws a-(b+c¢)=a-b+a-cand (a+b)-c=a-c+ b-c holdfor every a,b,c €
S.
iv) 0-a=a-0=0 for every a.
Let A be a finite set. When we deal with languages A is called an alphabet and elements of
A are called letters. A finite sequence of letters in .4 is called a word. The length of the word
w is the number of letters of .4 occurring in w. A word of length zero is called empty word
and is denoted by &. 4" denotes the set of all nonempty words over an alphabet .4 and 4* = A*

U {e} is a monoid under the operation concatenation, called free monoid over 4. A subset of

A* is called the language L over an alphabet A.
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Let F' (A*) denote the set of all finite subsets of 4* This set equipped with the operations usual
union and multiplication U V' = {uv | w € U, v € V'} form the free idempotent semiring over the
alphabet 4.

Let [ be a complete complemented distributive lattice. Any function 4 from 4*

into /is called a /fuzzy language over the alphabet 4.

The complement A of a fuzzy language Ais defined as1 (u) = A(u) where A(u) denotes the
complement of A(%) in L
For Huzzy languages 4,42 over A, their join (V) and meet(A) are defined by
(A V Ao) (1) = A1(u) V Ao(u) and (A1 Ada)(u) = Ai(u) A Ao(u).
Let Ay, 4o be Huzzy languages over A. Then their left and right quotients are
defined by

(_,\1_],\2)(11) = v (Az(vu) A Ai(v)), ue A",

vE A"
and

(,\2/\1_1)(u‘) = v (Aa(uw) A Ai(v)), ue A"

vEA*
Let A4 and B be finite alphabets and ¢ : 4* — B* be a homomorphism. Let Abe a FHuzzy language
over B. The inverse of 4 under ¢ is a FHuzzy language Ap ' over A defined by (¢ ')(v) = A(p(uw)), u € A*.
Let ¢ € [, then the scalar product ¢ -4 of the i uzzy language A is defined as
(c-A)(u) = cNA(u).
Let 4 be a [uzzy language over 4. The c¢-cut of 4 is the crisp language A,
defined byA.= {u € 4* | A(u) = c}.
A family of recognizable Huzzy languages is a #-variety of Lfuzzy languages,
if it is closed under joins, meets, complements, scalar products, quotients, inverse

homomorphic images and cuts.

Let A be a [-fuzzy language over A. The function A,,;, : F(A*) — | defined by

Amin(U) = /\ Mu), U € F(A") is called the generalized fuzzy language determined

uel

by A. If | U |=1 then A,,;,,(u) = A(u). So we can view A,,;, as a generalization of

A.
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Let A1nin and Assin be generalized fuzzy languages determined by A, and A respectively. Then

their meet, left quotient and right quotient are defined as follows.

For U € F(A*), (Ainn Aon)(U) = Ainl U) AdonsU).

( [-nl“n/\'.’min)((-'r) = V (/\‘.’.min{"[:‘r) A /\lmin(!'))~

vEA*

(Ag,,,i,,Al—'}""](U) = v ()‘Zmin([-"rl-") A ’\lmin(v))'

reA*

Let A and B be finite alphabets and ¢ from F(A*) to F(B*) be a semiring
homomorphism and A,,;, be a generalized fuzzy language determined by a [-fuzzy
language A over B. Then the inverse homomorphic image of A,,.;, is a [-fuzzy subset

Aming ™! of F(A") defined by
(Amin™ )(U) = Amin(p(U)), U € F(A").
Theorem 2.2. [ Let X\, A\;. Ay be l-fuzzy languages over A. Then
(1) (A1 A A2)min = Aimin A A2min-
(i) (AT A2)min = Ajmin A2min-

-1 -1
(Il'l) (/\2/\1 )mm = /\'Zmi“’\lmin'
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Theorem 2.3. Let A and B be finite alphabets and ¢ from F(A*) to F(B*) be a
semiring homomorphism. If X\ is a l-fuzzy language over B, then (Ag™)min =

A—1
Amin\r'/ .

Definition 2.4. Let I be a family of l-fuzzy languages and 1€,,;,, be the family of
associated generalized l-fuzzy languages. We say that I'€ is a conjunctive variety if

[Cinin 1s closed under finite meet, quotients and inverse homomorphic images.

III. Relation between Varieties of /-Fuzzy Languages

Here we give a relation between *-variety and conjunctive variety of /fuzzy lan-

guages.

Theorem 3.1. Every *-variety of [-fuzzy languages is a conjunctive variety of - fuzzy
languages.

Proof. Let [€(A") be a #-variety of [-fuzzy languages over A. Then it is closed under
join, meet, complements, quotients, c-cuts, inverse homomorphic images and scalar
products, Let [€in(A*) be the family of generalized [-fuzzy languages determined
by elements in [€'(A%). If Aj, A2 € [€(A"). then Ajmin. Aomin € [€min(A”). Since
[€(A%) is a *variety of I-fuzzy languages, A; A A2 belongs to [€(A*). Thus (A A
A2)min € (Emin(A%). But (A A A2)min = Aimin A A2min. by Theorem 2.2. Therefore
Atmin A A2min € 1€ min( A*). Hence [6,(A") is closed under meet.

Similarly if Ay, Ay € I6(A*) then AT Az, MAT! € 16(A*). Thus (A7 A2)mins (A2AT ) min €
I6,in(A*). By Theorem 2.2, we have (A7 Ag)pmin = AMminA2min 804 (Ao AT ) in =
AominAmin- Hence we get AL Aomins AominAmin € [Gmin(A*). Therefore I, (A”)
is closed under quotients.

Let ¢ : F(A*) = F(B*) be a semiring homomorphism and let A be a [-fuzzy
language over B. Since [€(A%) is a *-variety, Ap~' belongs to 14(A*). Thus
(A min € [€min(A*). By Theorem 2.3, we have (/\,:‘1),,,,»,, = A,,,;,,;'l. Thus
Ain@™" € 16 min(A*). Hence [%pin(A*) is closed under inverse homomorphic im-

ages. Thus I%(A*) is a conjunctive variety of [-fuzzy languages. O
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Corollary 3.2. Every x-variety of fuzzy languages is a conjunctive variety of fuzzylanguages.

Proof: Since ([0, 17, max, min) is a complete, complemented distributive lattice, the result follows from
the Theorem 3.1.

IV.  Left Singular |-fuzzy laguage

Definition 4.1. A [-fuzzy laguage \ : AT — [ 1s said to be left singular if it satisfies

the condition A(puvq) = A(puq) for all p.q.u,v in AT
The class of left singular /I-fuzzy languages on A* is denoted by LSIFL(A").

Example 4.2. Let | = ({1,2,3,6}, LCM, GCD) be a complete distributive lattice
and A = {a.b}. Let A\ : AT — [ be defined by

4

2 ifu€aAtb
AMu) =<3 ifuebAta

1 otherunse.
\

Then A is a left singular [-fuzzy language.

Lemma 4.3. Let A € LSIFL(A*), then A € LSIFL(A*)
Proof. Since XA € LSIFL(A"), we have A(puvq) = A(puq) for all p.q.u.v € A*. So

AMpuvg) = Mpuvg)

= Apugq)
= ANMpuq),

for all p.q,u.v € A*. Thus X € LSIFL(A*). Hence LSIFL(A®) is closed under

complements. O

Lemma 4.4. LSIFL(A*) s closed under scalar multiplication.
Proof: Let A € LSIFL(A*) and ¢ € [, then
(c+ D) puvg) = ¢ A(Apuog)
= ¢ NA(puq)

= (¢~ A)(pug),
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for all u, v, p,q € A*. Thus ¢-A € LSIFL(A*). Hence LSIFL(A*) is closed
under scalar multiplication.

The following result shows that LSIFL(A*) is closed under join and meet.

Lemma 4.5. Let Ay, Ao € LSIFL(A*). Then ,2.:VAs and 1Nl are in LSIFL(A*).
Proof: Since Ai,Ae € LSIFL(A*), we have Ai(puvq) = Ai(pug) and Ao(puvq) =
Ao(pugq) tor all p, q u,v € 4*. So

(A1 V do)(puvg) = Ai(puvg) V do(puvq)
= Ai(puq) V Ae(puq)
= (A1 VAo)(puq) for all p,q,u, v € A*.

Thus (A V Az) € LSIFL(A").
Since A\ A X2 = (/\_1V Az2), we have A\; A A2 € LSIFL(A*).

Lemma 4.6. Let A be a left singular I-fuzzy language on A*, B be a finite alphabet
and o : B* — A* be a homomorphism. Then Ag~! is a left singular l-fuzzy language

over B where Ao~ (u) = MN(u)) for all u € B*.
Proof. Since A € LSIFL(A"), we have A(puvq) = Mpug) for all p,q,u,v € A*. So

(Y (rzys) = Aelrzys) = Ap(r)el=)em)e(s))
= Me(r)e(z)e(s)) = A(e(rzs))
= A Yrzs) for all r,s,z,y € B".

Thus Ap~! is a left singular I-fuzzy language over B. O

From the above lemma it follows that LSIFL(A") is closed under the inverse

homomorphic images.
Lemma 4.7. Let Ay, A2 € LSIFL(A*). Then
(i) A\{' A2 € LSIFL(A*) and

(ii) A AT' € LSIFL(A®).
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Proof. (i) Since Ay, A2 € LSIFL(A*), we have Ai(puvq) = A1(puq) and Ax(puvqg) =
A(puq) for all p,q u,v € A*. So
(ATIA) (puvg) = \/ { Ao (wpuvg) A Ay (w)}

weA*

= \/ {A2((wp)uvy) A Ay (w)}

weA*

= \/ {Aa(wp)ug) A Ay (w)}

weA*

= \/ {Aa(wpug) A M (w)} = (A7 A2)(pug)

weA*

for all p,q, u,v € A*. Thus /\1_1}\2 ELSIFL(A*).

(ii) Similarly if Ay, A; € LSIFL(A*), then ;AT € LSIF L(A*). Thus LSIFL(A*) is

closed under left and right quotients.

Lemma 4.8. Let A € LSIFL(A*) and A, ={u € A* : A(u) = ¢} for all ¢ € I. Then

LSIFL(A*) is closed under the c-cut. (ie, xa, € LSIFL(A*) for all c € I).
Proof. Since A € LSIFL(A*), we have A(puvq) = A(puqg) for all p, g, u,v € A*. So
puvg € Ac < ¢ < A(puvqg) =A(puqg) < pug € A,

for all p, g, u, v € A*. Hence LSIFL(A*) is closed under c-cut.

Theorem 4.9. LSIFL(A*) is a *-variety of I-fuzzy languages.

Proof. Follows from Lemmas 4.3, 4.4, 4.5, 4.6,4.7 and 4.8.

Let A € LSIFL(A*) and A,,in be the generalized fuzzy language determined by

A. Then from the definition of A,,;,, we have
Anmin(pUVq) = /\ Alpuvg)

= /\mm (])( ""1 ) '
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for all p, g € A+ and U, V & F (A*). Thus A is left singular if and only if the generalized fuzzy
language determined by A satisfies the condition

Amin(pUV q) = /\min(puq);
for all p,g € A* and U,V € F(A*).

The following result shows that LS/IFL,,,(A*) is closed under the operation

meet A.

Lemma 4.10. If A1 and Ay are in LSIFL(A*), then (A1 AA2)min belongs to LSIFL,in(A*).

Proof. Let Ay, Ax € LSIFL(A*) then Aimin(pUV q) = A1min(pUq) and

Aomin(pUV q) = Aomin(pUq), for all p,g € A* and U, V € F(A*). By the definition

of A, We have

(Almin AN AZmin)(pUV q) = Almin(pUV q) A AZmin(pUV q)
= Almm(pUQ) A\ AZmin(pUq)

= (Almin AN AZmin)(pUQ);

for all p,g € A*and U,V & F(A*). Thus Aimin A A2min € LSIFLy,in(A*).Since
(Al A AZ)min = Almin A\ AZmin- So (Al A AZ)min beIongs to LS/FLmin(A*)-

The following result shows that LSIFL,,j,(A*) is closed under quotients.

Lemma 4.11. If A, A, € LSIFL(A*), then (/\flx\z)min and (Az)ll—l)m,-,, are in

LSIFL pin(A*).

Proof. Let Ay, Ay € LSIFL(A*) then Aimin(pUV q) = A1min(pUq) and

Aomin(pUV q) = Aomin(pUq), for all p,g € A* and U,V € F(A*). By the definition
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of left quotient, we have

Arnln'nAme (p("r"’rq) = V (’\me( w(p("r""Q)) A ’\lmin (lL))

weA*

V (/\me("-"p([j‘;)Q) A /\lmin(w))

weA*

= \/ (’\Qmin(u-'p(("r)q) A Almin(w))

weA*

= \/ (’\21111"1('"-"(?”‘1)) A /\lnn'u("-’))

weA*

= ’\l—nln'n)‘Znu'n (p('YQ)~

for all p,q € A* and U,V € F(A*). Thus A[.. Aamin € LSIFL,in(A*). Simi-

larly we can prove that Ay, ALl belongs to LSIFL,,;,(A*). Since (A7'A2)min

= Al_nl”'u/\'.Zn'u'n and (A2/\l_])nun — A'.Znun/\[-nlxin- we have (Al_l/\Z)min and (A'Z/\I—l)min
belong to LSIFL,,;.(A%). O

Lemma 4.12. Let A, B be finite alphabets, o : F(A*) — F(B*) be a homomorphism
and A € LSIFL(B*). Then (A¢™ ) min € LSIFL,,;.(A%).

Proof. We have

(Amingg™ ) (PUV Q) = Anin(p(pUV q))
= Amin(2(P)(U)p(V)elq))
= Amin(2(P)(U)(q))
= Amin((PUq))

= (/\min‘i::_l )(p{'YQ)~

for all p.q € A* and U,V € F(A*). Thus Apin ™' € LSIF Lpyin(A*).
SillCG /\miuip_l = (A\F’_l)min, (/\yo_l)rm'n € LS[FL,,“‘"(.A'). D

From the above lemma it follows that LSIFL,,;,(A*) is closed under inverse

homomorphic images.

Manuscript id. 754235577 www.ijstre.com

Page 18


http://www.ijstre.com/

Relation between *-variety and conjunctive variety of I-fuzzy languages

[1]

[2]

[3]

[4]

[5]

[6]

[7]

Theorem 4.13. LSIFL(A*) is a conjunctive variety of l-fuzzy languages.

Proof: By Lemma 4.10 and 4.11, LSIF'L..(A*) is closed under meet and quotients. By Lemma
4.12, LSIF'L.o(A*) is closed under inverse homomorphic images. Hence LSIFL(A*) is a
conjunctive variety of /uzzy languages.

Thus the set of all left singular /fuzzy languages is *-variety and conjunctive

variety of /fuzzy languages.
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